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Solitary kinetic Alfve ´n waves in the inertial limit region
Yao Chen,a) Zhong-yuan Li, Wei Liu, and Zhi-Dong Shi
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Considering the effects of hot ions and Lorentz force, a numerical study on the properties of solitary
kinetic Alfvén waves~SKAWs! in the inertial limit region in the magnetosphere is presented. In
contrast to the results obtained by Hasegawa and Mima@Phys. Rev. Lett.37, 690 ~1976!#, Shukla
et al. @J. Plasma Phys.28, 125 ~1982!#, and Wuet al. @Phys. Plasmas3, 2879~1996!#, both hump
and dip density Alfve´nic solitons can exist in the inertial limit region (b!2me /mi , where b
(52m0nTe /B0

2) is the ratio of thermal pressure to magnetic pressure!. These results provide a more
realistic interpretation for the SKAWs phenomena observed by the Freja satellite, in which not only
SKAWs accompanied by dip density solitons, but also SKAWs accompanied by hump density
solitons were found at the Earth’s ionospheric altitude. ©2000 American Institute of Physics.
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I. INTRODUCTION

Solitary kinetic Alfvén waves~SKAWs! may be one of
the most intriguing phenomena observed by the Freja sa
lite. The observations indicate that there are not o
SKAWs accompanied by dip density solitons, but a
SKAWs accompanied by hump density solitons. Figure
and Fig. 2 show two examples of hump and dip dens
solitons,1 respectively. The observations also show that
number of SKAWs with dip density solitons is almost th
same as that of SKAWs with hump density solitons.2

In 1976, Hasegawa and Mima3 analytically investigated
solitons formed by the kinetic Alfve´n wave ~KAW ! in the
kinetic limit region (2me /mi!b,1) and found a sub-
Alfvénic soliton with a density hump of arbitrary amplitud
Considering parallel ion inertia and current density, Yu a
Shukla4 studied the same problem. They suggested that
calized finite-amplitude Alfve´n waves with a density hump
could exist. By extending similar studies to the inertial lim
Shukla5 and Kalita6 found a new kind of super-Alfve´nic soli-
ton with a density dip in the inertial limit region. Wuet al.1

studied SKAWs in different regions, including the kinet
limit region, the transition region (b'2me /mi) and the in-
ertial limit region (b!2me /mi). Their work indicated that
hump density solitons could not exist in the inertial lim
region. To explain the presence of hump density solito
observed by the Freja satellite, Wuet al.1 proposed that there
is a transition region dominated by oxygen plasma, in wh
SKAWs, accompanied by both dip and hump density s
tons, are possible; Wanget al.2 suggested that they ha
found hump density solitons in the inertial limit region. A
will be shown in the following text, we contend that bo
their interpretations are unreasonable.

The typical altitude of the Freja satellite is 1700 km
According to the typical plasma parameters in the envir
ments of the Freja satellite, the electron temperature
around 1 eV, the magnetic field is about 0.2–0.3 Gauss,

a!Electronic mail: chy@mail.ustc.edu.cn
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the particle density is 1032105 cm23. So the parametera
(5bmi /me) varies between 1021 and 1023 in hydrogen
plasma. We note that only when the oxygen component
ceeds 60% cana reach 2~the transition region!. Therefore,
in comparison to the chance of SKAWs encountering
inertial limit region, the chance of them encountering t
transition region is too small to account for the same num
of dip and hump Alfve´nic solitons observed by the Frej
satellite. And Wanget al.2 did not eliminate the singularity
of the Sagdeev potential, which was avoided by Wuet al.1 In
this paper, after considering the effects of hot ions, and
adding a Lorentz force into the model and thus avoiding
singularity of the Sagdeev potential, we find that hump d
sity solitons can indeed exist in the inertial limit region.

In Sec. II and Sec. III, our magnetohydrodynam
~MHD! model and numerical method are presented, resp
tively. In Sec. IV, we analyze the numerical results and dr
conclusions. Finally, discussions concerning future stud
are given in Sec. V.

II. GOVERNING EQUATIONS

Under the assumption of lowb, we can express the elec
tric field as6

E'52“f, Ez52“w, ~1!

producing an incompressible magnetic field.E'(Ez) is the
component of the electric field perpendicular to~along! the
direction of the background magnetic fieldB5B0êz . Con-
sidering homogeneous plasma with hot ions and hot e
trons, adding the Lorentz force term into the ion paral
momentum equation, the MHD equations are cast in
form

]ne

]t
1

]~Vez!

]t
50, ~2!

]w

]z
2

Te

e

]~ ln ne!

]z
5

me

e S ]Vez

]t
1Vez

]Vez

]z D , ~3!
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]ni

]t
1

]~niVix!

]x
1

]~niViz!

]z
50, ~4!

]w

]z
1

mi

e S ]Viz

]t
1Vix

]Viz

]z
1Viz

]Viz

]z D2VixBy1
Ti

e

]~ ln ni !

]z

50, ~5!

]By

]x
5m0e~niViz2neVez!, ~6!

]By

]t
5

]2~f2w!

]x]z
, ~7!

ne5ni5n, ~8!

Vix52
mi

eB0
2

]2f

]t]x
, ~9!

whereme(mi), ne(ni), Te(Ti), andVez(Viz) are the electron
~ion! mass, density, temperature, and parallel bulk veloc
respectively;Jz is the parallel current density. In order o
their appearance, Eqs.~2!–~9! include electron mass cont
nuity, electron parallel momentum, ion mass continuity, i
parallel momentum, the Ampe`re’s Law in the parallel direc-
tion, the current density in the parallel direction, t
quasineutrality condition, and the ion polarization drift v
locity. In the present model, we adopt the assumption ofTe

5Ti for simplicity. Equations~2!–~9! become dimensionles
if we introduce new variables:n/n0→n̄, V/VA→V̄, ef/Te

→f̄, ew/Te→w̄, By /B0→B̄, and a stationary frame,h
5k'x1kzz2wt. After some transformations, Eqs.~10!–
~14! are obtained.

dn̄

dh
5G, ~10!

dB̄y

dn̄
G52

n̄

VA

k'Te

eB0
MY, ~11!

FIG. 1. The example of the SKAWs accompanied by a density dip sol
from the data of the Freja satellite on 3 March 1993.
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dw̄

dn̄
G5

G

n̄
2G

M2

n̄3

VA
2

Ce
2 , ~12!

dY

dn̄
G5

G

k'
2 rs

2 S 1

n̄22
Ci

2

M2VA
2 D 2

dw̄

dn̄
Gn̄

Ci
2

VA
2

1

M2k'
2 rs

2

1YB̄y

n̄

VA

wci

k'

1

M
, ~13!

dG

dn̄
G5S Y~12M2n̄!1

G2

n̄2 2
3M2VA

2

Ce
2n̄4 G2D

3S 1

n̄
2

M2

n̄3

VA
2

Ce
2D 21

, ~14!

whereY5d2f̄/dh2, M5w/kzVA , and kz(k') is the com-
ponent of the wave vector along~perpendicular to! the direc-
tion of the background magnetic field,VA(5B0 /Am0n0mi)
is the Alfvén velocity, Ce(Ci) is the electron~ion! acoustic
velocity, andwce(wci) is the electron~ion! gyrofrequency.
Eqs.~10!–~14! can be written in a general form,

dF

dn̄
5H, ~15!

which will be used in Sec. III. For the existence of solita
wave solutions, the following criteria are required:1 ~a!
S(n̄).0 when 1,n̄,N; ~b! S(n̄)50 at n̄51 and n̄5N;
and ~c! d2n̄/dh250 at n̄51; (N21)(d2n̄/dh2),0 at n̄
5N. HereN represents the density maximum~or minimum!;
S(n̄) represents the Sagdeev potential, which is defined
(dn̄/dh)25S(n̄). For more information about the criteria
the reader can refer to Wuet al.1 We will use these criteria to
construct our boundary conditions and judge whether
numerical solution is a soliton.

III. BOUNDARY CONDITIONS AND NUMERICAL
METHOD

As we are interested in the localized solutions, t
boundary conditions at infinity are treated asn̄51,V̄ez5V̄iz

nFIG. 2. The example of the SKAWs accompanied by a density hump sol
from the data of the Freja satellite on 3 March 1993.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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5dh50,B̄y50,h→6`. In order to study the relation be
tween the Sagdeev potentialS(n̄) and the densityn̄, we have
changed the variableh to n̄ in Eqs.~10!–~14!. The compu-
tational domain is taken to be 1<n̄i<N ( i 51,2,...,NUM,
where NUM is the number of gird points! and discretized
into uniform one-dimensional meshes withn̄i51 andn̄NUM

5N, so the boundary conditions can be written asY150,
G150, (B̄y)150, at i 51. We introduce the artificial fluctua
tion G250.01,Y250.01 ati 52. To satisfy the criteria, ex
amples with different values ofN are calculated.

We take two steps to reach the final solution. In t
predictor step, we apply the direct center difference met
to Eqs. ~15!, namely, F* 5Fi 2112H3Dn̄i , where Dn̄i

5n̄i 112n̄i ; in the corrector step, we haveFi 115(Fi 21

1F* )/2. According to their values in the environmen
around the Freja satellite, the plasma parameters are set

FIG. 3. The Sagdeev potential as a function of the relative particle den
The Alfvén Mach numberM is set to be 0.8~a! and 0.7~b!, respectively
~sub-Alfvénic cases!. Each curve corresponds to a value ofN, representing a
hump density soliton (N.1).
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d

be

Te5Ti51 eV, n0513104 cm23, and B050.25 G; thusa
57.3831023, b54.0231026. Since uk' /kzu@1,7 and the
typical wavelength is 106 m,8 we take k'5131025 m21,
kz5131026 m21.

IV. NUMERICAL RESULTS AND CONCLUSIONS

Figure 3 to Fig. 6 show our numerical results. In eve
figure, we display an example with a different value ofN.
Figure 3 and Fig. 6 are for sub-Alfve´nic (M,1) cases,
while Fig. 4 and Fig. 5 super-Alfve´nic (M.1). By analyz-
ing these results, we draw conclusions as follows.

y.

FIG. 4. The Sagdeev potential as function of the relative particle den
The Alfvén Mach numberM is set to be 1.1~super-Alfvénic cases!. The
three curves with different values ofN, 0.70, 0.75, and 0.80~coinciding with
each other! represent dip density solitons (N,1).

FIG. 5. When the Alfve´nic Mach numberM51.1 andN51.5,2.5,3.0, re-
spectively, the Sagdeev potential directly approaches infinity, which in
cates that in super-Alfve´nic cases (M.1) hump density solitons (N.1)
cannot exist.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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~1! Hump density solitons can exist in the inertial lim
region, although only whenM,1 ~see Fig. 3!, which differs
from the results of other authors, but agrees with the ob
vations quite well.

~2! Hump density solitons (N.1) cannot exist when
M.1 ~super-Alfvénic!, whereas dip density solitons ca
~see Fig. 4 and Fig. 5!. This result coincides with that o
other authors.1,2,5,6

~3! The density fluctuation is consistent with th
observations.8 For example, the density fluctuation can rea
25% in Fig. 4 and consequently a density cavity will
formed.

In a word, the results above can provide a more reali
interpretation for the SKAWs phenomena observed by
Freja satellite.

FIG. 6. The Sagdeev potential fluctuates drastically whenM,1 and N
,1, which suggests that in sub-Alfve´nic cases dip density solitons may no
exist.
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V. DISCUSSIONS

~1! As we know, the auroral plasma has both cold a
hot components from the ionosphere or from the plas
sheet. The hot ions may have a significant effect on the s
ton properties. So our consideration of the effect of hot io
is reasonable. However, for a more realistic model, kine
theory should be employed to study this problem.

~2! As shown in Fig. 6, the solutions withM,1 and
N,1 are unstable, which probably suggests that dip den
solitons cannot exist in sub-Alfve´nic cases in the inertia
limit region.

~3! Since kinetic Alfvén waves propagate in the mag
netosphere, the formation of SKAWs will be restricted
other factors, such as inhomogeneities, wave transfor
tions, and coupling. One or more of these effects should
incorporated into the model in future work.

~4! Finally, since the soliton structure in our model
one dimensional, it cannot account for all the SKAWs ph
nomena observed by the Freja satellite, in which SKAW
accompanied by dipole density solitons are also observ
Therefore, a two-dimensional SKAW model would b
needed, which is beyond our present scope of investigat
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