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Coulomb collisions. Plasma Resistivity.'

([11], p.416-421; [2] p.560-588)

The long-range character of Coulomb forces and
the mass difference between electrons and ions
determine the specific properties of plasma. In
atomic or molecular gas particle collisions are
characterized by gaskinetic cross sections which are
determined by the range a of atomic or molecular
forces:

o~ Ta’,

and typically are of the order of 10~ !°cm?.

In plasma, the Coulomb force, 1/r?, does not have
a characteristic length scale. Collisions in plasma
are understood as interactions between particle
which result in substantial change in energy and
momentum, with a deflection from their trajectories

to a substantial angle of the order of 90°.

Consider collision between two particles with
masses of the same order and with charges Z;e and

Zse in a plasma of temperature T
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It is clear that a significant transfer energy and
momentum will occur when the energy of Coulomb
interaction between the particles is comparable
with their thermal energy:

AV I N §T.
To 2

This happens at distance:
2 Zl 2262

To ~ —

3 T
The cross section of this collision is:
4 Z3Z3e
9 T2

0O X Trg ~

However, the problem is more complicated because
of the important role of ”distant” collisions
corresponding to large impact parameter. Distant
collisions occur more frequently than the ”close”

collisions and contribute more to the cross section.

Consider a flux j of particles with charge Zie
scattered by a particle with charge Zse, and

calculate the force acting of the scattering particle.
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Figure 1: Trajectory of charge Zie scattering on a

stationary charge Zse.

If p is the impact parameter (the distance between
the original trajectory of Zie and charge Zse, then
the particle flux through a ring of area 2mwpdp is
2mpdp - j, where particle flux (the number of
particles crossing a unit area in unit time) j = nyv,
ny is the volune density of beam particles.

Each particle changes its trajectory by angle 6
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(which depends on p) and thus transfer momentum
to charge Zse:

Ap = mv(1l — cos0)

in the direction of the particle flux.

Then the total force has the same direction as the
initial velocity and is equal to the momentum
transferred to Zse in unit time:

F= | p2reids
0

F = / mvj(1l —cosf) - 2wpdp = mvj - oy
0

where

Oty = 27r/ (1 — cosO)pdp
0

is so-called momentum transport cross section.

Since F ~ mv?nyoy,, it corresponds to the cross
section of an object that absorbs all momentum of

incoming particles.

To calculate the cross section we have to determine
the scatter angle vs the impact parameter 6(p).

This is easy to calculate for ”distant” collisions

4



Physics 812 3. Coulomb Collistons. Plasma Resistivity

(large impact parameter). In this case, § < 0
(weak scattering). Particles keep moving almost
along the straight lines. We can calculate the
change of the perpendicular component of
momentum by integrating the perpendicular
component of the Coulomb force:

ApL:mvez/ F | dt
Z1Z262p

Iy = (V22 + p2)3/2

[T Z172€°p
ApL = /_OO (v2t2+p2)3/2dt

212262 > dx 221Z2€2
pv - J oo (14 22)3/2 pv
From these equations we find:
0 — 2212262
- mpov?

The precise Rutherford formula for any p is:

0 212262

tan — =

mpuv?

Calculate the transfer cross section assuming that
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most contribution comes from distant impacts (we
will check that this is the case). For large p or
small 6:

1
1 — cosf ~ —6?
2

then the momentum transfer cross section is:

0092 4 2222 4 ood
Utr=27T/ ?pdpz K 12226 / = =
0 m2v 0o P

B AV
 m2p?
We have singularities at both limits.

In p[g°.

Obviously, our approximation is not valid for low
distances. The singularity at p — 0 would not
occur if we used the precise Rutherford formula.
We can correct the singularity at zero by taking for
the lower limit the impact parameter at which the
scattering angle is of the order of w/2. That is

N 271 7>

pmin —

mu?

Note that this is the minimal distance at which
particles can approach each other (Fy ~ E.). The
precise value is not important because this is a
logarithmic value.
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The singularity at large distances is more
fundamental. It cannot be corrected by doing more
precise calculations. The reason is that the
Coulomb potential decreases with distance too
slow. However, we know that the real potential in
plasma is not Coulomb potential because of the
screening effect. The effective screening distance is
given by the Debye radius, rp. Therefore, we use
the Debye radius as the upper limit in this integral:

T 1/2
max ~ T'D —
P b 4nZ3e?

Again, the precise value is not important because

of log.
Thus, we write the momentum transfer cross
section as:
A 72 7Z2e* max
o = —1220 ) Prna
m=uv Pmin
Ac=1In Pmax
Pmin
is called ” Coulomb logarithm”.
rpmu? 373/2
Ac =1In — In 5 :
2212262 2(47‘(‘)1/2212263?11/2
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Now we can make a simple estimate for
2;1::‘Zé = 1:
Ac ~In lfrpn ~ In(ryn) ~In Np
e’n
where Np is the number of particles in the Debye
sphere (plasma parameter). As we know Np is
usually a big number, but A¢ ~ 10 — 20 for most

cases.

The final formula for the momentum transfer cross

section 1S
AT A
Otr — C
m2v4
or practical formula:
10—12 )
O-tr —_ E2 Cm .
eV

Knowing the cross section we can calculate the rate
of the momentum exchange.

First, we consider an electron beam colliding with
cold plasma. We assume that ions are heavy and
don’t move. Consider first collisions with ions. If n
is the ion density then the force acting on the ions

in unit volume is (compare with equation for F' in
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p.4):
MU) 0ty * N

The same force acts on the electrons of the beam in
the opposite direction for each electron:

F = —mujoun/ng

where ny, is the electron density of the beam. The
particle flux is the beam is: j = npv. Then,

F = —noymu - v ~ —nogmu>

The beam will slow down under under this force:

dv F 5

o= = o
However, because the electron scatter on heavy ions
that don’t move their energy does not change. The
scattering results in increase of angle . For small
angles the velocity changes in the direction of the

beam 1is
Av = v(cosf — 1) =~ —vh?/2

Then,
ldv _ db? /2
vdt  dt

= NOV
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This means that the scatter angle increases with

time.

The characteristic time of this change due to the

momentum loss is

1

no-tr,U

T =

The inverse quantity, 1/7, is called the collision
frequency.

Vei — NOV

(Note that the force can be estimated as

F = —muovg;).

The product v7 is a characteristic travel distance
for electrons before they loose most of their

momentum. Therefore,

1

no-tr

A =

is called the mean free path.

Practical formulas:
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Vei = 3-107° ncr;/;g st
TeV

_3-102T%

Nem—3

A

Cc1m.

Consider now collisions of the electron beam with
plasma electrons, or more general case for particles
with masses mq and mo and charges Z; and Zs.

In this case, we have to solve equation for particles

type 1 scattering on a particle 2:

2 rh —To

maT = Z1Zs¢€ PR
1 — T2

where 7 and 75 are coordinates of the particles.

To solve this we consider motions in the coordinates

of the center of mass, the position of which is:

miT1 + mary

R =
mi1 + Mo
If ¥ = 7?1—7?2 then
o = mao o
7“1:R—|- T2
mi + mo

The center of mass moves with a constant velocity

because there is no external force, R = 0.
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Figure 2: Coordinates 1 and ry of particles 1 and 2,
and coordinate R of the reduced particle.

Then, equation for 77 is;

N mimso -, 21226277
miry — r = 3
mi + mo r
or
= - 21226277
miry = M2’ = 3

where mio = mims/(mq +ms) is the reduced mass.

Thus the force acting on a reduced particle is equal

to the force acting on particle 1. If v is velocity of
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particle 1 at infinity then

— = 47‘('212 22264/\0 -
F = mq9U - vog,n = 3 nv
mi12v
For e-e collisions:
mip =mg = Me, Mz = M/2.

Therefore, the force of electron beam acting is of
the same order of magnitude for plasma electrons

and ions.

Now we calculate the energy transfer in e-e
collisions. In the laboratory coordinate system the

mass center moves with constant velocity

mlﬁ

Veen — R =
ml—l—mg

where v is the velocity of the particles relative to

each other.
mov

—

U1

mi —+ ma
The reduced particle does not change its velocity,
and thus does not loose energy. There is no energy
exchange in the center-of-mass coordinate system
because velocity of particle 1 in this system is

13
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constant .
mov

—

V1 =

mi + Ma
However, in the laboratory system, the work done
by the force acting on the reduced particle is:

miq

Fv. = Fv
mi + Mma

This takes energy from the beam particles, 1, and
transters it to plasma electrons, 2.

The energy of beam particles change with the rate

W = —Fv,
47‘('212222641\07”&

mov

W =

or
W=——mv° - nv 57

mi mi 5
W = ——mv? - (nwog) = ——miv? - Vs
™Mo ma

That means that the fraction energy transfer at
each 1 — 2 collision is proportional to the mass
ratio. This means that the energy transfer between
electrons is much faster than between electrons and

10nS.
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So far we considered cool plasma. What happens if
plasma temperature is not zero? In this case we
consider averages over the velocity distribution of
plasma particles.

Consider the case when v > Vpeam-

Consider a group of plasma particles with velocity

. Their number is
dn = nf(@)d*v’

where f(#") is the distribution function; f(¢")d>v’ is
the probability of plasma particles to have velocity

around v'.

Then the drag force for beam particles by this
group of plasma particles is (cf p.13):

dE = (Force per 1 particle) - dn

AnZ?Z2e*Aen T — U

dF = —
mi92 |’17— ’17/‘3

f(,a»/)dS,U/

Then we integrate over the velocities ¥" of plasma

particles:

ﬁ _ /dﬁ _ _47T212Z2264ACI—>
mi2
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where /
T= [ =" #&)d.

7 — )3

For an isotropic distribution function
- g [" 5
/ / /
I:v_?’/ f(v)dmv“dv
0

Since we assumed that the beam velocity is much
less than the particle velocity in plasma (thermal
velocity) then

U 4mo3
v3 3

For Maxwellian distribution function:
I ( Mo )3/2 Mmov'?
= (—= exp | —
U=\ PA™or
41 ( mo )3/2 B V2 ¥ <m2)3/2
3 \27T 3 VT \T

Then, the drag force in the case of "hot” plasma
(v < vp) is

I~

F=-—

42 Z2 Z2e* Ao (m2)3/2 .
U

3 mi2 T
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Plasma relaxation.

Suppose that the distribution is not Maxwellian.
Then the plasma relaxes to thermal equilibrium.

The fastest is the relaxation time for electrons:
T1 ™~ Tee

where 7., is electron-electron collision time.

Then, the ion plasma component relaxes to

M
T ™~ Tig ~ —Tee
m

(because 7;; = 1/noyv ~ vV M since v ~ 1/v/ M).

equilibrium:

The slowest process is e-i relaxation:

M

Te; ~ —Tee-

Electric current

Consider motion of electron in electric field:

eE—l—ﬁ:O
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where F' is the drag force.

Suppose u is a characteristic velocity of electrons
then

F' ~ muv,;

el = muv,;

el
u =
MVUVe;
2 2
, ne w
] = neu = E=—""F
MlVe; 47TV61'

Vei ™~ NOtUT,
If v < v then
Otr 7 64A0/Te2.
F~u
The drag force increases with the electron velocity.

If w> vy then

F o~y 2

The drag force decreases with velocity.
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\ F

V. U

e

Figure 3: The drag force as a function of velocity u.

If £ > Ep, then there is no balance between the
acceleration in electric field and the drag force.

This leads to run-away electrons.

ne3Ac e
~ Ao —-
T, h

ED?“ ~

Ep, is called Dreicer field.



