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1V. On the Dynamical Theory of Gases. By J. CLerk MaxwgiL, F.R.S. L.& E
Received May 16,—Read May 31, 1866,

TuroRIES of the constitution of bodies suppose them either to be continuous and homo- -
geneous, or to be composed of a finite number of distinct particles or molecules.
In certain applications of mathematics to physical questions, it is convenient to-

suppose bodies homogeneous in order to make the quantity of matter in each differential . -
element a function of the coordinates, but I am not aware that any theory of this kind -~

has been proposed. to account for the different properties of bodies. - Indeed the pro-
perties of a body supposed to be a uniform plenum may be affirmed d’ogmatically, but
cannot be explained mathematically. ’

Molecular theories suppose that all bodies, even when they appear to our senses
homogeneous, consist of a multitude of particles, or small parts the mechanical rela-
tions of which constitute the properties of the bodies. Those theories which suppose
that the molecules are at rest relative to the body may be called statical theories, and
those which suppose the molecules to be in motion, even while the body is apparently
at rest, may be called dynamical theories. :

If we adopt a statical theory, and suppose the molecules of a body kept at rest in their
positions of equilibrium by the action of forces in the directions of the lines joining their
centres, we may determine the mechanical properties of a body so constructed, if distorted
so that the displacement of each molecule is a function of its coordinates when in equi-
librium. It appears from the mathematical theory of bodies of this kind, that the forces
called into play by a small change of form must always bear a fixed proportion to those
excited by a small change of volume. ‘

Now we know that in fluids the elasticity of torm is ewanescent while that of volume. .
is considerable. Hence such theories will not apply to fluids. In solid bodies the
elasticity of form appears in many cases to be smaller in proportion to that of volume
than the theory gives*, so that we are forced to give up the theory of molecules whose

- displacements are functions of their coordinates when' at rest, even in the case of wliﬂ :

bodies. S o
The theory of moving molecules, on/t/h?e other hand, is not open to these ob_]echom '

The mathematical difficulties in applying the theory are considerable, and till they are .
surmoynted we cmnot fully decide on the applicability of the theory. “We are able,

~ however, to explain a great vauet}y of phenomena by the dyn'umcal theory which have

not been hitherto explained otherwise.

" The dynamical theory supposes that the molecules of solid bodles osmllate abont then: ; ’

‘# [In glass, according to Dr. LvERETT's sccond series of experiments (1866), the mtxo of the olasticity-of. form; P
to thai: of volume is greater than that given b) the theory In brass and steel it is. less.m—March 7, 1864 ]
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60 MR CLERK MAXWFLL ON THE DYNAMICAL THEORY OF 'GAsEs-

Vp()bltlﬂns of ethbuum, but do not tiavel from one position to another in. the body

In fluids the molecules are supposed to be constantly moving into new relative positions,

- 80 that the same molecule may travel from one part of the fluid to any other part.  In'.

liquids the~molecules are supposéd to be always under the action of the forces dué to

o 'nel«rhbomm«v molecules throughout their course, but in gases the greater part of the
- path of cach molecule is supposed to be sensibly rectilinear and beyond the sphere of
. sensible action of the neighbouring molecules.

" I propose in this paper to apply this theory to the explanation of various properties
of gases, and to show that, besides accounﬁng for the relations of pressure, density, and
temperature in a single gas, it affords a mechanical explanation of the known chemical -
relation between the dénsity of a gas and its equivalent weight, commonly called the
Law of Equivalent Volumes. = It also explains the diffusion of one ‘gas throurrh another,
the internal friction of a gas, aud the conduction of heat through gases.

The opinion that the observed properties of visible bodies apparently at rest are due .
to the action of invisible molecules in rapid motion is to be found in Lucremivs.  In the -
exposition which he gives of the theories of DewmocriTrs as modified by Ericurus, he

~describes the invisible atoms as all moving@*downwards with equal velocities; which, at

quite uncertain times and places, suffer an imperceptible change, just enough to allow
of occasional collisions tal\mg place between the atoms.  These atoms he supposes to
set small bodies in motion by an action of which we may forin some conception by

~ looking at the motes in a sunbeam. - The language of LUcRETIUS must of course be

interpreted according to the physical ideas of his age, but we need not wonder that it
suggested to L Sace the fundamental eonception of his theory of gases, as well as his
doctrine of ultramundane corpuscles. '

Professor CLatsivs, to whom we owe the most extensive developments of the dynamical
theory of gases. has given* a list of authors who have adopted or given countenance to
any. theory of invisible particles in motion. Of these, Daxii L BernouLLl, in the tenth
scetion of his ¢ Hydrodynamics, distinctly explains the pressure of air by the impact of
its particles on the sides of the vessel containing it.

Cravsivs also mentions a book entitled “Deux Traités de Physique Mécanique, publiés :
par PIERRE PrEVOST, comme simple hdltem du premier et comme Auteur du second K
Gentve et Paris, 1818, The first memoir is by G. L Saak, who explains gravity by -
the injpact of ‘ultramundane corpuscles” on bodies.  These corpuscles also set in
motion the particles of light and various ethereal media, which in their turn act on the.
molecules of gases and keep up their motions. His theory of impact s faulty, but his
explanation of the expansive force of gases is essentially the same as in the dynamical -
theory as it now stands. The second memoir, by PREvosT, contains new applications of
the pr1nc1p1es of Le SaGE to gases and to light. A more cxtensive application of the.

theory of moving molecules was made by ]IhRAPATH'{‘ His theory of the colhsmns of LEL

Pooumnonws Annalon,” Jan, 1862, “Translated by G. C. Foster, B.A;, Phil, Mag. June 1862.

t Mathematical Physics, &o., by Jonn Hegrarara, Esq 2 vols. - London: “hrtﬁikﬂl‘& €Co.,.and: Hempl-xth’ »
leway Joumul Office, 1847 .
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perfectly hard bodies, such as he supposes the molecules to be is faulty, inasmuch. as it

g ma]\qq the: result of impact depend on the absolute motion of the bodies, so that by
* experiments on such hard bodies (1f we could get them) we might determine the absolute
direction and velocity of the motion of the earth * . This author, however, has applied
his theory to the numerical results of experiment in many cases, and his speculations are
always ingenious, and often throw much real light on the questions treated. In parti- :
cular, the theory of temperature and pressure in gases and the theoty of diffusion are
*clearly pointed out. :

Dr. Jovret has also oxphmed the pressure of gases by the impact of their molecules,
and has calculated. the velocity which they must haw in" order to plodgce the pressure
observed in particular gases.

It is to Professor CLavsivs, of Zurich, that we owe the most complete dynamlcal
theory of gases. Ilis other researches on the general dvnamlcal theory of heat are well
known, and his memoirs “ On the kind of Motion which we call Heat,” are a complete
exposition of the molecular theou adoptcd in thls paper. After reading his investiga-
tionf of the dlstan(o described by each molecule between suceessive collisions, 1 pub-
lished some propositions§ on the motions and collisions of perfectly elastic spheres, and
deduced several propertics of gases, especially the law of equivalent volumes, and the
nature of gascous friction. I also gave a theory of diffusion of gases, which I now
. know to be erroneous, and there were several errors in my t‘hcbor) of the conduction:
of heat in gases which M. Cravsivs has pointed out in an (‘labomte memoir on that
subject ||.

M. O. E. MEYERT] has also mvostmated tho theory of mtemal friction on the hypo-
thesis of hard clastic molecules.

In the present paper I propose to consider the muleoulcs of a gas, not as elastic sphe1 és
of definite radius, but as sma}l bodies or groups of smaller molecules repelling one
another with a foree whose direction always puasses very nearly through the centres of
gravity of the, molecules, and whose magnitude is represented very nearly by some
function of the distance of the centres of gravity. © T have made this modification of the
theory in consequence of the results of my experiments on the viscosity of air at different
tompc ratures, and I have deduced from these expeuments that the repulsion is mvmse]y v

asthe fifth power of the distance.
 Ifwe suppose an imaginary plane drawn through a vessel cont'nnmg a great number ‘
of such molecules in motion, then a great many molccules will cross the pl"ine in either
du(-ctwn The excess of the mass of those which traverse the plane in the posmve

* Mathematical Physies, &e., p. 134,
+ Some Remarks on Heat and the Constitution of Elastic ! huds, Oct, 3, 1‘348.
1 Phil. Mag Feb. 1859,
§ Hlustrations of the Dynaniical Theory of Gases, Phil. Mag. 1860, January and’ July
. T Pogarnporrr, Jan. 1862; Phil. Mag. June 1862,
9 Ucber die’i innere Rclbunﬂ' der Gase (POGG&\DDRFF vol. exxv. 1865),

H 2 . e




52 MR. CLERK MAXWELL ON THE DYNAMICAL THEORY OF GASES.
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direction over that of those which traverse it in the negative direction, gives a-measure
of the flow of gas through the plane in the positive ditection. s ,
If the plane be made to move with such a velocity that there is no excess of flow of -
molecules in one dircction through it, then the velocity of the plane is the mean velocity
of the gas resolved normal to the plane. ‘ . ’
There will still hea‘mol'ecules moving in both directions through the plane, and carry-
ing with them a certain amount of momentum into the portion of gas which lies on the
other side of the planc. k ‘
The quantity of momentum thus communicated to the gas on the other side of the
“plane during a unit of time is a measure of the force exerted on this gas by the rest.
This force is called the pressure of the gas. o .
If the velocities of the molecules moving in different directions were independent of
"one another, then the pressure at any point of the gas necd not be the same in all dirbe-
tions, and the pressure between two portions of gas separated by a plane need not be
perpendicular to that plane.  Hence, to account for the observed equality of pressure in
all directions, we must suppose some cause equalizing the motion in all directions.
" This'we find in the deflection of the path of one particle by another when they come near
. -one another. ' Since, however, this equalization of motion is not instantancous, the pres- -
sures in all directions are perfectly equalized only in the case of a gas at rest, but when
the gas is in a state of motion, the want of perfect equality in the pressures gives rise-to
the  phenomena of viscosity or internal friction. The phenomena of viscosity in all
bodies mdy be described, independently. of hypothesis, as follows ;(— ‘
A distortion or strain of some kind, which we may call S, is Aprloduclod in the body by.
- displacement. A state of stress or elastic force which we may call F is thus excited.
The relation between the stress and the strain may be written F=ES, where E is the
coefficient of elasticity for that particular kind of strain. In a solid body free from vis-
cosity, F will remain =S, and |
dF . dS
w =g
If, however, the body is viscous, F will not remain constant, but will tend to disappear .
at a rate depending- on the value of F, and on the nature of the body. If we suppose
this rate proportional to F, the equation may be written
dF__dS. F

i =B g —p

which will indicate the actual phenomena in an empirical manner.  Forif § be cdnstant, .
F=ES¢ T,

showing that F gradually disappears, so that'if _the body is left to itself it grt‘ial‘mlly‘ :
loses any internal stress, and the pressures are finally distributed as in a fluid at vest,

pdS . o . . R
If 7 is constant, that is, if there is a steady motion of the bedy which continually

—



MR CLERK MAKWLLL ON THE DY’\TAMICAL THEORY OF GASES :

increases the dlsplaccment

e —;,I I/S +€/(’ ’

showing that I tends to a constant, mlue depending on the rate of displacement The . °
quantity ET, by which the rate of displacement must be multiplied to get the force, may .

be called the coc licient of viscosity. * Tt is the product of a coefficient of elastlcxty, E,
and a time T, which may be called the “time of relaxation” of the elastic force. In
mobile fluids T is a very small fraction of a'second, and E is not easily determined experi-
mentally. In viscous solids T may be several hours or days, and then E is easily mea-
sured. It is possible that in some bodics T may be a function of F, and this woult{
account for the gradual untwisting of wires after being twisted beyond the limit of per-
fect elasticity.  For if 'I' diminishes as ¥ increases, the parts of the wire furthest fgdm“
the axis will yield more rapidly than the parts ncar the axis during the twisting process,
and when the twisting force is removed, the wire will at first untwist till there is equi-
librium between the stresses in the inuer and outer. portions. These stresses will- then
undergo a gradual relaxation; but since the actual value of the stress is Agfeater in the
outer layers, it will have a more rapid rate of relaxation, so tifat the wire will go
on gradually untwisting for some hours or days, owing to the stress on the interipr
portions maintaining itself longer than that of the outer parts. This phenomenon
was obscrved by Weskr in silk fibres, by KonLrauscu in glass fibres, and by my self in
steel wires. 7
In the case of a collection of moving molecules such as we suppose a gas fo be, there
is also a resistance to change of form, constituting what may be called the linear elasti--
' city, or ¢ rlguht) of the gas, but this resistance gives way and diminishes at a rate de-
pending en the amount of the force and on the nature of the gas. . \
Suppose the molecules to be confined in a rectangular vessel with perfectly elastic -
sides, and that they have no a(tlo#l on one another, so that they never strike one another,
or cause each other to deviate from their rectilincar paths. Then it can easily be shown
that the pressures on the sides of the vessel due to the impacts of the molecules are per-
fectly independent of cach other, so that the mass of moving molecules will behave, not
like a fluid, but like an elastic solid. Now suppose the pressures at first equal in' the:
three directions perpendicular to the sides, and let the dimensions: a, b, ¢ of the vessel
be altered by small quantities, da, 83, d¢. :
Then if the original pressure in the direction of @ was p, it will become

Sa ¥ % ) .
p(l 3;—*6——? ; 7 “
or if there is no change of volume, : S T
S : : ;
) Y ’
P a

showmg that in this case there is a longltudmal "elasticity of form of whlc‘ﬁ ﬂﬁe c(ﬁﬁ
cient is 2p. - The COCﬁlcleIlt of  Rigidity” is therefore =p, <

|

S
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Thls rigidity, however, cannot be duectly obsc“ rved, because the molecules contmually \
deflect each other-from their rectilincar courses, and so equalize the pressure in all direc- et
tions. The rate at which this equalization takes place is-great, but not infinite; and
therefore there remains & certain inequality of prcssme wlnch (,omtxtutos the pheno-
~ menon of viscosity. SR :

T have found by experiment that the coefficient of viscasity in a gwen gas is indepen-
dent of the denmtv, and pmportloml to the absolute tempclaturo so that 1f FT ‘be the

v1scoslty, F'l o ? ¢

But E=p, therefore T, the time of relaxation, varies inversely as the density and is
independent of the*temperature. Hence the number of collisions producing a given de-
flection which take place in unit of time is mdopendent of the temperature, that is, of the
velocity of the molecules, and s ‘proportional to the number of*molecules in unit of
volume.  If we suppose the molecules hard elastic bodics, the number of collisions of 4 .
given kind will be proportional to the velocity, but if we suppose them centres of foree,
the angle of deflection wﬂl be smaller when the ‘clomty 1s greater; and if the force is
inversely as the fifth power of the distance, the number of defldctions of a given kind will
be independent of the velocity. Hence I have adopted this law in making my calcu-
lations. » ' i

The effect of the mutual action of the molecules is not only to equalize the pressure ——-
in all directions, but, when molecules of different kinds are present, to communicate
motion from the one kind to the other. 1 formerly showed that the final result in the

case of hard elastic bodies is to causc the average vis vive of a molecule to be the same
for all the different kinds of molecules. Now the pressure due to each molecule is pro-
portional to its vis viva, hence the whole pressure due to a given number of molecules
in a given volume will be the same whatever the mass of the molecules, provided the
molecules of different kinds arc permitted freely to. communicate motion to each other.

When the flow of vis viva from_the one kind of molecules to the other is zero, the,
tempentulc is said to be the same. Hence equal volumes of different gases at equal
pressures and temperatures contain equal numbers of molecules.

This result of the dynamical theory affords the explanation of the “law of cquivalent
volumes” in gases. _

We shall sce that this result is true in the case of molecules acting as centres of force.
A law of the same general character is probably to be found connecting the temperas
ratures of liquid and solid bodies with the energy possessed by their molccules, although .
our ignorance of the nature of the connexions between the molecules renders 1!: dlfﬁcult
to enunciate the precise form of the law. '

The molecules of a gas in*this theory are those portions,of it whlch move about as a.
single body. These molecules may be mere points, or pure centres of force endowed .
_with inertia, or the capacity of performing work while losing velocity. 'They may be
systems of several such centres of force, bound mgether by their mutual actions, and i in
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this case the different centres may either be qep'wated s0 8 to forin a group of pomts,, P

- or they may be actu'x]lj‘/ coincident, so as to form pne point. .

Finally, if necessary, we may suppose them to be small solid bodies of a determmate.‘ i

form ; but in this casc we must assume a new set of forces bm(:({\/g the parts.of these -
small bodies together, and so introduce a molecular theory of. the second order. The

-doctrines that all matter is extended, and that no two portions of matter can coincide i in-
- thé same place, being deductions from our experiments with bodies sensxble to us, hawe

no application to the theory_of molecules.

The actual energy of a moving body consists of two parts, one due to the motlon of its
centre of gravity, and the other due to the motions of its parts relative to the centre of -
gravity. If the bodyis of invariable form, the motions of its parts relative to the centre
of gravity consist entir (*ly of rotation, but if the parts of the body are not ngldly con-
nected, their motions may co’nsi§ of oscillations of various kinds, as well as rotation of
the whole body.

'The mutual interference of the molecules in their courses will cause their energy of
motion to be dhmbu_tcu in a certain ratio between that due to the motion of the centre

of gravity and that due to the rotation, or other internal motion. If the molecules are .

pure centres of force, there can be no energy of rotation, and the whole energy is reduced
to that of translation; but in all other cases the whole ener, gy of the molecule may be
~ represented by M3, where f3 is the ratio of the total energy to the energy of transla-
tion. The ratio 8 will be different for every molecule, and will be different for the same
molecule after every encounter with another molecule, but it will have an average. value
depending on the nature of the molecules, as has been shown by Crausivs. - The value
of 3 can be determined if we know either of the specific heats of the gas, or the ratio
between them.

The method of invéstimtion which I shall adopt in the following pqpér, is to deter- . .

mine the mean values of the following functions of the velocity of all the molecules of a
given kind within an clement of volume :—
(@) the mean velocity resolved parallel to each of the comdmate axes; —
(B)-the mean values of functions of two dimensions. of these component veloc1t1es,
('y) the mean values of functions of three dimensions of these velocities.

"The rate of translation of the gas, whether by itself, or by diffusion through another =

gas, is given by («), the pressure of the gas on any plane, whether normal or tangennal
to the plane, is given by (3), and the rate of conductlon of heat through the gas is glven

by (7).

I propose to_ determine the variations of these quantltles, due, 1st, to the encounters

of the molequles with others of the same system or of a different system 2nd, to the

action of external forces such as gravity; and 3rd, to the passage of molecules through ot : _:'3'

the boundary of the element of volume:

1 shall then apply these calculations to the determmatxon of the statical cases of the e
final dlstnbutx(tn of two gases under the actmnnf gmuty, the zthbrmm of tempe— ;
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rature between two gases, and- the dlstnbutmn of tempera.ture m a vertlcal column

These results are mdependent of the law of force between the molecules, * I shall also

consider the dynamical cases of diffusion,” viscosity. and conductlon -of heat,. wlnch
involve the law of force between the molecules

On the M utual Action of Two Molecules

Let the masses of these. molecules be M,, M,, and let then‘ velocmes resolved in three :
directions at right angles to cach odther be &, 7, §, and ,52, ny & The components of 7
the velocity of the centre of gravity of the two molecules will be T

CEM EM, ’)1“1 +1,M, LM +EM, .

A2y

=M +\I M,+M, > - M;+M,

The motion of the centre of gravity will not be altered by the n?utiml action of the .
molecules, of whatever nature that action may be. We may therefore take the centre
of gravity as the origin of a system of coordinates moving parallel to itself with uniform
velocity, and consider the alteration of the motion of each particle with referemee to this
,point a§ origin. v :

If we regard the molecules as simple centres of force, then each molecule will descr 1be
a plane curve about this centre of gravity, and the two curves will be similar to each
other and symmetrical with respect to the line of apses. If the molecules move with
sufficient velocity to carry them out of the sphere of their mutnal action, ‘their orbits

will each have a pair of asymptotes inclined at an angle 20 to the linc of apses. ‘The -

. asymptotes of the orbit of M, will be at a distance &, from the centre of gravity, and

those of M, at a distarce &,, where

M}, =M, \
The distance between two parallel asymptotes, one in each orbit, will be
T b=b,+b,.

If, while the two molecules are still beyolul cach other’s action, we draw a, straighf
line through-M, in the direction of the relative velocity of M, to M;, and draw from M,
a perpendicular to this line, the length of this perpendicular will be 4, and the* plane

_including & and the direction of relative motion will be the plane of the orbits ').bout >

2

the centre of gravity. Gl
When, after their mutual action and deflection, the molecules have agam 1‘eached a.
distance such that there is no sensible action between them, each will be movmg with

the same velocity relative to the centre of gravity that it had before the mutual action,

but the direction of this relatlve velocity will be turned throu'rh an a,ngle 201 111 ,the phne

-of the orbit.. T ' . - , A
. The angle 8 is a functlon of the relative velocity of the molecules and of b the form i

of the function depending on the nature of the action between the molecules.

If we suppose the molecules to be bodles, or systems of ’oodres, capable of rofatlon'
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internal vibration, or any form of energy other than simple motion of tﬁﬁslaﬁoﬁ, these
results-will be modified. The value of # and the final velocities of* the molecules will

depend on the amount of internal energy in each’ molecule before the encounter, and :
on the particular form of that energy at every instant during the mutual action.  We

haveno means of détexgn‘ing such intricate actions in the present state of our know- © -~

ledge of molecules, so tf4t we must content ourselves with the assumption that the value
of 4 is, on an average, the same as for pure centres of force, and that the final velocities
differ from the initial velocities only by quantities which may in each collision be
neglected, although in a great many encounters the energy of translation and the internal
energy of the molecules arrive, by repeated small exchanges, at a final ratio, which we
shall suppose to be that of 1 to B—1. ” R

‘We may now determine the final velocity of M, after it has passed beyond the sphere
of mutual action between itself and M,. :

Let V be the velocity’ 6f M, relative to M,, then the components of V are

gx'—ia, NNy :1—53-

The plane of the orbit is that containing V and 4. Let this plane be inclined Ptoa
planc containing V and parallel to the ais of z; then, since the direction of V is turned
round an angle 2 in the plane of the orbit, while its magnitude remains the same, we

may find the value of £, after the encounter.’ Calling it £)," P

E=t by, (G 8)2 S G P G E sin cosp). .. . (1)

There will be similar expressions for the components of the final velocity of M, in the
other coordinate directions. ‘ o &

- If we know the initial positions and velocities of M, and M, we can determine V, the
velocity of M, relative to M,; b.the shortest distance between M, and M, if they had
continued to move with uniform i-'elocity in straight lines; and ¢ the angle which deter-
mines the plane in which V and 4 lie. From V and 4 we can determine 8, if we know
the law of force, so that the problem is solved in the case of two molecules. .

When we pass from this case to that of two systems of moving molecules, we shall
suppose that the time during which a molecule is beyond the action of other molecules
is so great compared with the time during which it is deflected by that action, that we '
may neglect both the time and the distance described by the molecules during the
encounter, as 'compared with the time. and the distance described ‘while the molecules

are free from disturbing force. We may also neglect those cases in which three or more- -

molecules are within -each other’s spheres of action at the same instant:

On the Mutual Action of Two Systems of Moving Molecules.

Let the number of molecules of the first kind-in unit of volume.be N, the mass of each
‘being M,. The velocities of these molecules will in general be different both in milgni-' >
tude-and direction. - Let us select those molecules the components of whose velocities

MDCCCLXVII. o SRR e » '
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~ lie.between : ,
) B £ and i;+dgn n, and n+dn, ;x and ¢'.+d5i,
and let the number of these molecules be dN,: The veloeities of these molecules will ‘
be very nearly equal and parallel. '

Oh account of the mutual actions of the molecules, the number of molecules whlch at
a glven instant have velocltles within given limits will be definite, so that

dN f(gl”t )d§1dﬂdgx .o R ".vr (2)

We shall con51dc1 the form of this function afterwards. .
Let the number of molécules of the second kind in unit of volumc be N,, and let dN
of these have velocities between &, and &,+d&,, 7, and dn,+2,, &, and E,-l—d 2 where ‘

dN, ——f "hg 2 d‘;xd’h

The velocity of any of the dN, molecules of the first system relative to the dN, mole-
cules of the second system i§ V, and cach molecule M, willin the time & deseribe a rela-
tive path V8¢ among the molecules of the second system. (Jojxcei\'e a space bounded by
the following surfaces.  Let two cylindrical surfaces have the common axis V3¢ and
radii & and b4-db. Let two planes be drawn through the extremities of the line V3¢
perpendieular to it.  Finally,let two planes Dbe drawn through V3¢ making angles ¢ and
¢+dp with a plane through V parallel to the axis of 2. Then the volume included
between the four planes and the two cylindric surfaces will be Vidbd@dt.

* If this volume includes one of the molecules M, then during the time 3¢ there will be
an cncounter between M, and M, in which & is between b and b+db, and q) between @
- and ¢+do. :
' Since there are dN, molecules similar to M, and dN similar to M, in unit of volume,
the whole number of encounters of the given kind between the two systems will be.
' ' , VbdbdgdtdN,dN,.

Now let Q be any property of the molecule M, such as its velacity in a given direction,
the square or cube of that velocity or any other property of the fnolecule which is altered
in a known manner by an encounter of the given kind, so that Q becomes Q' after the -
cencounter, then during the time 3 a certain number of the molecules of the first kind
have Q changed to Q', while the remainder retain the original value of Q, so that

3QdN, =(Q'—Q)Vbdbd¢ath',dN,,

S—Q-’m-'._(a' CQ)VidbdpdN AN, . . . - o e e . (3)

i -

Here QdN

! refers to the alteration in the sum of the values of Q for the dN molecules, '
due to thexr encountex‘s of the given kind with the dN, molecules of the second sort.
In order to_ determine the value of ?%?‘, the rate of alteration of Q among all the

molecules of the first kind, we must perform the follﬁwfng integrations i
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1st, thh respccb to ¢ from ¢....0 to cp_.2-r E
2nd, with respect to & from b=0 to b==c0. These operatlons will give thei'esults of T

the encounters of every kind between the dN, and dN, molecules
3rd, with respect to dN,, or f(Em8,)dE, And%,.
4th, with respect to dN,, or f\(En8,)dE dndE,. '
These opers ations require in gencral a knowledge of the forms of £, and ﬁ

1st. Integration with respect to ¢.

Sum the action between the molecules is the same in whatever plane it takes plax.e, o

we shall first detelmme the value of " (Q=Q)dp m several cases, makmg Q sorne

function of £, 7, and &.
(«), Let Q=¢, and Q =£|, then

f (E—E)de=~; +M (&.— E)41rsm’9 T (4)
(B) Let Q Eand Q= e '
y (& -8 )d‘P—(M M )Q{(Eﬂ —&)M.E, +M,£, )8 sin*d+ M, ((n,—;;,)’-}-(;s -&.) _2(52_5 ) ,,.smmg} (5)
By tmnbformatlon of coordinates we may derive from this ’ e
f (Ed—Em)do=13i 7 ﬁf T {(M,sm,—M.s.». 1M, —Ma)(g,,,,+g,m))87 sin®f -am,(g,_gl)(,,, mh (6')_

with similar expressions for-the other quadratic fanctions of E .
(v) Let Q=£,(E1+7+780), and Q=E(E/+7'+L7); then putting & +4+5=V;,
EIAEE+’71’72+’;lg1= U, §;+ﬂ:+;§:V;’ and (Er‘S.)z+(ﬂ;—m)?+(§,—é’,)’=Vﬂ vwe find

o M, . ‘ 2
([ Evi—aVide= iy 4w sin 06— £)VIH26(U- V)
+ ( M ) (8 sin® 0— 37 sin® 20)2(&,— £, (U —-V?) '

M
+ (T\f+ M ) (8= sin* 4 + 27 sin® 29)5! v

+<M +M ) (87 sin® 0— 2z sin® 20)2(&,— )V’. ’“ J

These arc the principal functions of £, 2, ¥ whose  changes we shall have to conSIder, we
shall indicate them by the symbols «; B, or ¥, accoxdmg as the function of the veloclty
is of one, two, or three dlmensmns

. 2nd. Infegratzon with respect tob. ‘ L ‘
- We have next to multiply these expressions by &db, and to integrate W1th Mm EED S
b from 5=0 to b=w. We must bear in mind that § is a function of 4 and V, and ean ~~ -

on]y be determmed when the law of force is known In thc EY[)TFSSXOHS w}nch we have;" ;
192 . :
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" to deal with, § occurs under two forms only, namely, n*§ and sm’29 Ii' therefore, we
can find the values of . .

‘B—_—j‘ 4xbdb sfn’&, and B,-_—_' .1bdb.sin’26, Do R _‘ .(8):7

we can integrate all the expressxons with respect to b
B, and B, will be functions- .of V only, the form of which we can determine: only in
particular cases, after we have found § as a function of b and V. ‘

Determmatwn of 6 for certain laws of Force.

Let us assume that the force between the molecules M, and M, is repulsive and varies -
inversely as the ath power of the distance between them, the value of the moving force. -

at distance unity being K, then we find by the equation of central orbits,

__9_5‘ \/1-3:!——’()' Cee e - (9)

b . . :
where z=, or the ratio of & to the distance of the molecules at a given time: & is there-

fore a numencal quantity; e is also a numerical quantlty and is glven by the equatmn

o VMM, VT
u—b(h(“l_i_ﬁq))( Cee e (O

S The limits of integrﬁtion are r=0 and z=2/, whexe a,’ is the least posmvc root of the
- equation

Tt is evident that 6 isa functmn of & and n, and when n is known § niay be expressed
as a function of « only. : e :
Also :

M, +M ":‘ ' ¢
bdb._( KO “«)) wlas « o e e e . (12)
so that if we put

- Aand A, will be definite numerxcal quantities Whlch may be ascertained. when nis o'wen,

and B, and B, may be found by multiplying A, and A, by (K(?\ii "*'1 Me))""vn i

Before mtegratmg farther we have to multiply by V, so that the form in which V :

will enter into the expressions which have to be integrated with 1espect to: d’\T and d?\
will be '

n—-$8

A "t

It will be shown that we have reason from expenments on the vxscosxty of gases to-

 pelieve that n=5. In this case V will disappear from the expressions of the fo form @)
'and they w111 bc capable of 1mmed1ate mtevratum wttllr?speet to dN and dN, '

e

,,_1()"“ R (1]

AL_( 47rada sin®4, A’_j‘ aude sin 29 NP ~(13) e
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If we aésﬁme n=5 and put a‘=2"cot’2¢p and xéJT;tan’fp coSQ/, s  ' el
g—d=+/cos 2¢’£~ Vizagsn L . oLl o (14
where F.,, is the complete elliptic function of the first kind and is given in LEGENDRES

Tables. I have computed the following Table of the distance of the asymi;,totes’, the
distance of the apse, the value of §, and of the quantities whose summation leads to A,

and A,.

’ ’ l Distance | sin? @ sin? 24
L2l oo 1 of apse. 8. \ s'\n‘2¢' ;ﬁx—"zp'

6 0 | infinite | infinite 60 | o )
5 0 2381 2391 | 031 00270 01079
10 0 1658 1684 1 53 01464 +03689
15 0 1316 1366 4 47 ‘ 02781 11048
20 0 1092 1172 8 45 05601 21885
25 o 916 1036 14 15 10325 - +38799
30 0 760 931 21 42 18228 62942
35 0 603 845 31 59 31772 71433
40 0 420 772 47 20 55749 102427
41 0 374 758 51 32 62515 96763
42 0 324 745 56 26 +70197 85838
43 0 264 732 62 22 | -78872 67868
4 0 187 719 70 18 88745 40338
44 30 132 713 76 1 ‘94190 21999
45 0 0 07 90 0 1-00000 00000

A,=S41roodu sin? 0=26595. .
Aa-.:jwadm sin® 20=1-3682.

" The paths described by molecules about a centre of
force S, repelling inversely. as the fifth power of the
distance, are given in the figure. '

The molecules are supposed to be originally moving
with equal velocities in parallel paths, and the way in
which their deflections depend on the distance of the path
from S is shown by the different curves in the figure.

L

e 3rd. Integration with respect to dN,. I , .
W¢ have now to integrate expressions involving various functions of &, 7, zamd V.
- with respect to all the molecules of the second sort. We may write the exp;-.g‘;ssioﬁ'tu ko
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be integrated
(o= pentiins,

where Q is some function of &, 5, , &c., already determined, and Juis the functxon
which indicates the distribution of velocity among the molecules of the second kind.
In the case in which #=5, V disappears, and we may write the result ot' integmtion ,
. QN,,
where Q is the mean value of Q for all the molecules of the second kmd and \IQ is the
number of those molecules. ‘
If, however, = is not equal to 5, so that V does not disappear, we should require to
know the form of the function f, before we could proceed further with the integration.
The only case in which I have determined the form of this function is that of one or
more kinds of molecules which have by their eontinual encounters brought about a
“distribution of velocity such that the number of molecules whose velocity lies within
given limits remains constant. In the Philosophical Magazine for January 1860, I have
given an investigation of this case, founded on the assumption that the probability of a
molecule having a velocity resolved parallel to & lying between given limits is not in any
way affected by the knowledge that the molecule has a given velocity resolved parallel
- toy. Asthis assumption may appear precarious, I shall now determine the form of the
fanction in a different manner.

On the Final Distribution of Velocity among the Molecules of Two Systems acting on one
another according to any Law of Force.

From a given point O let lines be drawn representing in direction and - 4 B!

. magnitude the velocities of every molecule of either kind in unit of
volume. The extremities of these lines will be distributed over space
in such a way that if an element of volume dV be taken anywhere, the .
number of such lines which will terminate within dVwill be j(r)dV 0 A

- where 7 is the distance of dV from O.

Let OA=a be the velocity of a molecule of the first kind, and OB=4 that of a mole-
cule of the second kind before they encounter one another, then BA will be the velocity
of A relative to B; and if we divide AB in G inversely as the masses of the molecules,
and join OG, OG will be the velocity of the centre of gravity of the two molecules:

. Now let OA'=d and OB'=%# be the velocities of the two molecules after the
_encounter, GA=GA' and GB=GB), and A'GB' is a straight line not necessanly in the
plane of OAB. Also AGA'=24 is the angle thxough which the relative velocity is-

turned in the encounter in question. The relative motion of the molecules is com- '
pletely defined if we know BA the relative velocity before the encounter, 20 the angle

through which BA is turned durmv the encounter, and ¢ the angle which defines the
direction of the plane in which BA and B'A’ lie. All encounters in which the magni-
tude and dxrectxon of BA, and also 4 and ¢, lie w1f}T n certain almost contxguous hmlts,, '



“we shall class as encounters of the given kind. The number of such. encounters m uni
“of time will be '
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n,n,Fde,..,...........

is a function of the relative velocity and of the angle 4, and de depends on the limits of ;
variation within which we class encounters as of the same kind. - , ‘
Now let A describe the boundary of an element of volume 4V while AB and A’B' '~
move parallel to themselves, then B, A, and B' will also describe equal and smnla.r
elements of volume. :
The number of molecules of the first kind, the lines representmg the velocmes of
which terminate in the element dV at A, will be

m=f(a)dV. . . . . . . a0 (18)
The numbm of molecules of the second kind which have velocities correspondmo' to OB
will be -

n=f(0)dV; . . . ... . ... (19)’
and the number of encounters of the given kind between these two sets of molecules
will be : 4

f(@)f(8)dVFde. . . . . . . . o L. (20)
The lines representing the velocities of these molecules after encounters of the given
kind will terminate within elements of volume at A’ and B', each equal to dV." '

In like manner we should find for the number of encounters between molecules

whose original velocities corresponded to clements equal to dV described about A’ and
B, and whose subsequent velocities conespond to clements equal to dV described about

A and B, :
S(@0)dVFde, . . . . o . o . .. (21)

where F' is the same function of B'A’ and A'GA th"tt Fis of BA and AGA'. T is there-

fore équal to F'.

‘When the number of pairs of molecules which change their velocities from OA, OB
to OA' OB' is equal to:the number which change from OA', OB' to OA, OB, then the
final distribution of velocity will be obtairied, which will not be altered by subsequent

_exchanges. This will be the case when

F@FO=F)@). . -« « . oL (22)
Now the only relation between ¢, b and @, ¥ is - :
a’+Mb’—Ma”+Mb” Coee e e (28)

whence we obtain ‘ T ’
| F@=Ce™S £5)=Cem. . . . . . . (20)
Me=MB. . . . .. e .. L (26)

where

_Bansg
By integrating ﬂj‘C,e = dg dnd, and equating the result to N,, we obtam the s

value of C. "If; therefore, the distribution of velocltles among N, molecnles is such that ;'

where %, and 2, are the numbers of molecules of each kind under conmderatmn, and F ":‘ e
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. the number of molecules whose component velocities are between 5 and’ §+dg, " and o

2+ dn, and ¢ and ;‘+d" is

24343 . - '. ' ‘ .
iN,= She T dEdndr, oL L. v(26)'

then this dxstubutxon of velocities will not be altexed by the exchange of velocmes among’

. the molecules by their mutual action.

" 'This is therefore a possible form of the final distribution of velocities. It is also the
only form; for if there were any other, the exchange between velocities represented by
‘OA and OA' would not be equal. Suppose that the number of molecules having velo-
city OA' increases at the expense of OA. Then since the total number of molecules
corresponding to OA' remains constant, OA’ must communicate as many to OA", and so
on till they return to OA.

Hence if OA, OA’, OA", &c. be a series of velocities, there will be a tendency of each

- molecule to assume the velocities OA, OA', OA", &c. in order, returning to OA. Now

it is impossible to assign a reason why the successive velocities of a molecule should be
arranged in this cycle, rather than in the reverse order. If, therefore, the direct exchange
between OA and OA’ is not equal, the equality cannot be preserved by exchange in a
cycle. Hence the direct exchange between OA and OA' i is equal, and the dxstnbutlon
we have determined is the only one possible.

This final distribution of velocity is attained only when the molecules have had a great
nuinber of encounters, but the great rapidity with which the encounters succeed each

* other is such that in all motions and changes of the gaseous system except the most
_violent, the form of the distribution of velocityis only slightly changed.

When the gas moves in mass, the velocities now determined are compounded with the
motion of translation of the gas.

‘When the differcntjal elements of the gas are changing their figure, bemg compressed
or extended along certain axes, the values of the mean square of the velocity will be
different in different directions. It is probable that the form of the function will then be

f(&n:)— ——————— A (27)

-where a, 3, ¥ are slightly different. T have not, however, attempted to investigate the

exact distribution of velocmes in this. case, as the theory of motlon of gases does not.
require it. .
‘When one gas is dlﬂ'usmg through another, or when heat is being condueted. through
a gas, the distribution of velocities will be different in the positive and negative directions, =
instead of: being symmetrical, as in the case we have cons1dercd ‘The want of symmetry,
however, may be treated as very small in most actual cases.
. The principal conclusions which we may draw from this mvestxgatxon are as follows -
Callmg « the modulus of velocity, . - : : S e

2

‘1st. '_.l‘he mean velecity is ;;z;,—:céa B '.'.., | . (23)'"
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fﬂ?‘ ' ~ \ SERTR IS
fe of the velocity is o ::%2 e e e e
N Sy

2nd. The mean squ
3rd. The mean value of £ is =

2
50, . .
4th.. The mean value of £ is ’ B=fat . . . ... Corio(81)
5th. The mean value of £ is ~ + Ey=la’" . . . . . . . So.o(32) '

6th. When there are two systems of molecules . o

Me@=MpB,. . . . . . L Lo (33)
whence o , ’ i
, Ma=Mal . . . . . ... L (34)
or the mean #is viva of a molecule will be the same in each system. This is a very
important result in the theory of gases, and it is independent of the nature of the action
between the molecules, as are all the other results relating to the final distribution of
velocities.  We shall find that it leads to the law of gases known as that of Equivalent

" Volumes.

Variation of Functions of the Velocity due to encounters between the Molecules.
We may now proceed to write down the values of %(72 in the different cases. “We shall

indicate the mean value of any quantity for all the molecules of one kind by placing a
bar over the symbol which represents that quantity for any particular molecule, but\in

expressions where all such quantities arc to be taken at their mean values, we shall,
convenience, omit the bar. We shall use the symbols §, and 3, to indicate the. effec
produced by molecules of the first kind and second kind respectively, and 3, to indicate
the effect of external forces. 'We shall also confine ourselves to the case in which n==5,
since it is not only free from mathematical vhﬁiculty, but is the only case which is con-
sistent with the laws of viscosity of gases. v :

In this case V disappears, and we have for the effect of the second system or the first,

w=N (N Valf@-aw, . ED

where the functions of & #, ¢ in {(Q —Q)dp must be put equal to their mean values for .-

all the molecules, and A, or A, must be put for A according as sin’4 or sin? ‘70 occu]s in

the expressions in equations (4), (5), (6), (7). We thus obtam
B (K i : | sy -
(@) "’5[‘:_(;\1&1‘2(1\4;@ MZ)> Nz)lex(%z.-—S;) RN (aﬁ) |

8,5 K }NGM,
(B) MM, (M, M) M, M,

: A.(g,——’g’, (\Il%l'*‘Mm)'l'A B‘In(’?z"’h +g2 é’. —2222 %1)} PRt
SEm : K_'_Y N, M, B R e
“_S?‘—-(MM'(M M) M, +\1 T "'3‘85'
\ A M~ 2M o+ (M, ‘\fu)(5m+§zm})-34 Mz(w-‘:.)(na—m)”
MDCECLIVIL, - - K , ; R S VR -
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3,5,V X 3 o R . T
o) 0= (s o) N“M?{An(%-iv’WE(‘U —V)

+M T8 (2A,— 3A,)2(€, %)(U—V’)

= - R COR

i, CAH2ANEY

+ (M llf_qm;) 2A» _.2A,)2(g, -t )V’}

using the symbol 3, to indicate variations arising from the action of molecules of the

second system.

These are the values of the rate of variation of the mean values of E,, E & n, and'
g, V2, for the molecules of the first kind due to their encounters with molecules of the

second kind.- In all of them we must multiply up all functions of &, #, &, and take the
mean values of the products so found. ~As this has to be done for all such functions, I
have omitted the bar over each function in these expressions. '

To find the rate of variation due to the encounters among the particles of the same

system, we have only to alter the suffix ;) into ¢, throughout, and to change K, the .

coefficient of the force between M, and M into X,, that of the force between two mole-
cules of the first system. We thus find

((x){5‘—0..*3........;...‘....(‘-10)

® g’_(g;?)MNA{n,+¢'—-25‘—(m w5 E-2EE) - ()

732”_1:<2'M::) \IlLYA3{§x ’71 El”l}; e e e e L . (42)

) Al 1—(2“>MN A3 Vi— g,v=) T (43)

These quantities must be added to those in equatlons (36) to (39) in order to get the
rate of variation in the molecules of the first kind due to their encounters w1th mole-
cules of both systems. When there is only one kind of molecules, the lattel equations -

give the rates of variation at once.

On the Action of Eaternal Forces on a System of Movmg Molecules

We shall suppose the external force to be like the force of gravxty, produung e(hml.f; L

-acceleration on'all the molecules. . Let the components of the force in the three coor-

dinate directions be X, Y, Z.  Then we have by dynamlcs for the variations of E, E and L

£V? due to this cause,

() =X e e e e .«.."_;(44)-»--
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(B) 3._ ._25X I .. : . )
8ﬁ~x-|-gY P T
<7)“"~—25(5X+w+¢7)+xw N (1)

wherv o, refers to variations due to the action of external forces..

On the Total rate of change of the different functions of the velocity of tlw molecules
of the first system arising from their encounters with molecules of both. systems and
Sfrom the action of external forces.

To find the total rate of change arising from these causes, we must add

5Q 8.Q 3,Q .
W w o and KT

- . - .
the quantities already found. We shall find it, however, most convenient in the re-

mainder of this investigation to introduce a‘change in the notation, and to substitute for

Enand ¢, w+é v4mandw4s, . . . L .. (48)
where u, v, and w are so chosen that they are the mean values of the _components of the
velocity of all molecules of the same system in the immediate neighbourhood of a gwen
point. Weshall also write

where ¢, and g, are the densities of the two systems of molecules, that is, the mass in
unit of volume. 'We shall also write

Kl ,_ Y K 4 K ] . .
(éiié) =k, (M,M;(M,'mq;» =#, and (2\/{ ) =k ... (50)
g1 5 Ky, by, and £ are quantities the absolute values of which can be deduced fr oI expe-

riment. 'We have not as yet experimental data for determining M, N, or K.
We thus find for the rate of change of the various functions of the velocxty, .

(@) W =kAef—u)+X; . L S (B
(ﬁ) EE——kxA’bnﬂl'l‘ 052} L
e, \1\_1“ {HA (v, —u,)? +A( Uy —, +w2_,wl _2%—-1&, )} (52)

+mcm{ Al(Maéﬁ—MxS?)+A21\L<n?+:3——2z?+»3+c:—zs:)}; |
also ) » . i : | ; 2
LB : ~ S
?§n= — 3k A ‘é' ke, M, +9Xl’q (2.A‘—' 3A2)(“'1+“1)(vn ~v,)
+)I +1\I {2A (\Izgi}z'—\l El’h) 3A M2(£lﬂ1+£2’?s)}
K2

MN,=¢, M,N,=¢,, . . . . . . . .. (49)<




68 s MR. CLERh MA‘(WELL ON THE DYl\AMICAL THEORY OF GASES

(7) As the expressions for the variation of functions of three dlmensmns in mlxed"“v"
media are complicated, and as we shall not have occasion to use thcm, I shall give the

“case of a single medium,

87(&?“"51”?'*‘51;?):_3klglAﬂ(E?+El’7l+£ ;n)+X(3EE+”‘:+;)+2YSI”I+215 gl (54) =
Theory of a Medium composed of Moving Molecules.

We shall suppose the position of every moving molecule referred to three rectangular
_axes, and that the component velocities of any one of ‘them, resolved in the directions of .
2, 9, 2, are ,

u+§, v+, w4,
where u, v, w are the components of the mean velocity of all the molecules which are
at a given instant in a given element of volume, and &, 7, £ are the components of the
relative velocity of one of these molecules with respect to the mean velocity.

The quantities «, v, w may be treated as functions of 2, ¥, z, and ¢, in which case differ-
entiation will be expressed by the symbol d.  The quantities £, 1, ¢, being different for
every molecule, must be regarded as functions of ¢ for each molecule. Their yariation
with respect to ¢ will be indicated by the sy mbol 8.

"The mean values of £ and other functions of &, », § for all the molecules in the ele-
ment of volume may, however, be treated as functions of &, 9, z, and ¢.

If we consider an element of volume which always moves with the velocities %, v, w,
we shall find that it does not always consist of the same molecules, because molecules.
are continually passing through its boundary. We cannot therefore treat it as a mass
‘moving with the velocity u, v, w, as is done in hydrodynamics, but we must consider
separately the motion of each molecule. When we have occasion to consider the vari-
ation of the properties of this element during its motion as a_function of the time we
shall use the symbol 3. -

We shall call the velocities #, v, w the velocities of translation of the medium, and
E, 7, ¢ the velocities of agitation of the molecules. :

Let the number of molecules in the element dz dy dz be N dz dy dz, then we may call
. N the number of molecules in unit of volume, If M is the mass of each molecule, and

‘e the density of the element, then

f

MN=g . . . .o (55)

Transference of Quantities across a Plane Area.

We must next consider the molecules which pass through a given plane of unit area in

unit of time, and determine the quantity of matter, of momentum, of heat, &ec. which

~_is transferred from the negative to the positive side of this plane in unit of time. )

We shall first divide the N molecules in unit of volume into classes according to the

 value of & », and & for each, and we shall suppose that the ‘number of molecules i in unit
of volume whose velocity in the direction of x lies between £ and i+dg, 5 and 4+ dy,
& and ;’ +dé’ is.dN, dN will then be a funcnon of ‘the componenl: velocxtws, the sum of



- which being taken for all the molecules will give N the total number of molecules.

- or
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The most probable form of this function for a medium in its state of ethbrmm is..
: N

IN=oe T gy L (56) ]’

In the present investigation we do not require to know the form of this funchon
Now let us consider a plane of unit area perpendicular to # moving with a veloclty

of which the part resolved parallel to # is w. The velocity of the plane relative to the o
molecules we have been considering is o' —(u +£), and since there are dN of these mole- :

cules in unit of volume it will overtake

| (u’—(u-}-g))dN :

such molecules in unit of time, and the number of such molecules passing from the

negative to the positive side of the plane, Will be

(u+4Et—u')dN. v
Now let Q be any property belonging to the molecule, such as its mass, momentum, v8
viva, &c., which it carries with it across the plane, Q being supposed a function of £ or of
g 7, and 4, or to vary in any way from one molecule to another, provided it be the same
for the selected molecules whose number is dN, then the quantity of Q transferred
across thc plane in the positive direction in unit of time is

§(u—w+E)QaN,
(u-u’)deN-l-j'deN. S (57)

If we put QN for {QdN, and QN for J:QdN, then we may call Q the mean value of -

Q, and £Q the mean value of £Q, for all the particles in the element of volume, and we

may write the expression for the quantity of Q which crosses the plane in unit of time

(u—)ANHEQN. . . ... L L. L (58

(«) Transference of Matter across a Plane—Velocity of the Fluid,

To determine the quantity of matter which crosses the plane, make Q equal to M
the mass of each molecule; then, since M is the same for all molecules of the same kind,
M=M; and since the mean value of £ is zero, the expression is reduced to .

~ (u— W)MN=(u=w)e. . . . . .. .. (59)

If u=u/, or if the plane moves with velocity «, the whole excess of matter transferred

across the plane is zero; the velocity of the fluid may therefore be deﬁned as the velo-
city whose components are u, v, w. :

(B) Transference of Momentum across a Plane—S) ystem of Pressures at any p(mzt
: of the Fluid.

~ The momentum of zmy one molecule in the direction of & is M(u-l-&) Substltntmg: :
thls for Q, we ‘get for the quantlty of momentum transferred across. the plane in the '
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positive direction A e e
. (u— u’)ug+§” R (-1

If the plane moves with the velocity u, this expression is teduced to E* , where & reple-
sents the mean value of £.

This is the whole momentum in the direction of & of the molecules projected from the
negative to the positive side of the plane in unit of time. The mechanical action -
between the parts of the medium on opposite sides of the plane consists partly of the
momentum thus transferred, and partly of the direct attractions or repulsions between
‘molecules on opposite sides of the plane. The latter part of the action must be very
" small in gases, so that we may consider the pressure between the parts of the medium
on opposite sides of the plane as entirely due to the constant bombardment kept up
between them. There will also be a transference of momentum in the directions of y and
z across the same plane,

(u—u')'ve—p;’;g,. O (2
(u—vYwe+Ee,. . . . . . . . . . . (62)

where & and £ represent the mean values of these products.

If the plane moves with the mean velocity  of the fluid, the total force exerted on the
medium on the positive side by the pr oycnon of molecules into it from the negative side
will be . :

and

a normal pressure 5@ in the direction of ,
a tangential pressure & in the direction-of y,
and a tangential pressure g” o in the direction of 2.

If X, Y, Z are the components of the pressure on unit of area of a plane wbose
direction cosines are I, m, n,

X =18 +méng +nkZg, o
Y :I—E;g +m;g *—l-nﬂ,g, N A (63)
—1578""77“7?@"‘” “

When a gas is ot in a state of violent motion the pressures in all directions are ne‘trly o

equal, in which case, if we put ‘ ’
. Bodrmed+D%=3p,. « . . . . . . .. ‘(64)
the quantity p will represent the mean pressure at a given point, and £, ?g, and % will

differ from p only by small quantities; n%e, LEe, and Erg will then be also small quan-
tities with respect to p.

Energ‘} in the Medium— Actual Heat.

‘The actual energy of any molecule depends partly on the velocity of its centre of

gravity, and partly on its rotation or other internal motion with respect to the centre of i
grawty It may be written

%\{{(u+§)’+(v+n)° (w+g)ﬂ +1EM coe (65)



© present unknown Summmg for all the molecules in unit of volume, the energy i

Moot i E e . . (88)
The first term gives the energy due to the motion of translation of the medmm in
mass, the second that due to the agitation of the centres of gravity of the molecules, and Y
the third that due to the internal motion of the parts of each molecule. e
If we assume with CLAUSIUS that the ratio of the mean energy of mterna.l motion to ‘
that of agitation tends continually towards a definite value (8— 1), we may conclude that S
except in very violent disturbances, this ratio is always preserved, so that B

E=@-1)E+748). - . . . ... .. (67)
The total encrgy of the invisible agitation in unit of volume will then be

WE+re - o (68)

»3—Bp.............'..(69)

This encrgy being in the form of invisible agitation, may be called the total heat in
the unit of volume of the medium.

or

4(7) Transference of Energy across a Plane—Conduction of Heat. |

Q=13 +r+5)M, andu=w, . . . . . . . (70)
we find for the quantity of heat carried over the unit of area by conduction in unit of time
BE+H+ED, o . L coee e ()

where E’ &c. indicate the mean values of g, &c. They are always small quantities.

Putting

On the Rate of Variation of Q in an Element of Volume, Q bemg any property of the
Molecules in that Element.

Let Q be the value of the quantity for any particular molecule, and. Q the mean value
of Q for all the molecules of the same kind within the element. :

The quantity Q may vary from two causes. The molecules within the elément"mé;’y ,
by their mutual action or by the action of external forces produce an alteration of (_'_i,':or ‘ .
molecules may pass into the element and out of it, and so cause an increase or diminution = -
of the value of Q within it. If we employ the symbol 3 to denote the variation of Q° *
due to actions of the first kind on the individual molecules, and the symbol 3 to denote’ -
the actual variation of Q in an element moving with the mean velocity of the system of -
molecules under consideration, then by the mdmary investigation of the:increase or -
~di mmutlon of matter in an element of Volume as contained in treatises on Hydredyna.mics, :

aget\: aQN_N{(u ul)QN_'_GQN} L

-—i{(u—v JQN +vQN}—-—{(w—w )Qﬁ+§QN} |
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where the last three terms are derived from equation (59) and two similar equations, and. -
denote the quantity of Q which flows out of an element of volume, that element movmg
with the velocities #', v, w'. If we perform the differentiations and then make #'=mu,
v'=v, and w'=mw, then the variation will be that in an element which moves w 1t]l the
actual mean velocity of the system of molecules, and the equation becomes

aQN+QN(d“+ + )+ & @)+ AN+ LEAM)=3IN. .. (13)

. Equation of Continuity.
Put Q=M the mass of a molecule; M is unalterable, and wé have, putting MN =g, -

du  dv  dw o
at+g(h+dj+d,) N
~ which is the ordmary equation "of contm)ty in hydrodynamics, the element bcmv sup-
posed to move with the velocity of the fluid. Combining this. equation with that from
which it was obtained, we find

Ny dEaN)+ o (»Q\)+ dEan)=NZ, . . ... . (19)

‘a more convenient form of the general equatxon.

Equations of Jl[otzon (a)

To obtain the Equation of Motion in the direction of , put Q=M,(«,+5), the mo-
mentum of a molecule in the direction of .

We obtain the value of 3 from equation (51), and the eqlntlon may be written -

[ aau;‘i'a‘r(&g)Jr‘@(g’lgmx)+;{2(Elgagl)=kA1€192(u2_ul,)+Xfl' AR (76)
In this equation the first term denotes the efficient force per unit of volume, the.
second the variation of normal pressure, the third and fourth the variations of tangential
pressure, the fifth the resistance due to the moletules of a different system, and the sixth
the external force acting on the system.
The investigation of the values of the second, third, and fourth terms must be defexred
till we consider the variations of the second degree. ‘

" Condition of Equilibrium of « Mixture of Gases.

In a state of ethbnum u, and u, vanish, ¢, becomes p,, and the tangenhal plessures -
vanish, so that the equatlon becomes

d : . . : |
%:x&,.f TSR (44

which is the equatlon of equlhbrlum in ordinary hydrostatlcs
This equation, being true of the system of molecules formmg the first medlum mde-
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pendently of the presence of the molecules of the sccond systcm, shows that 1f‘ several'.

kinds of molecules are mixed together, placed in a vessel and acted ‘on by gravity, »
the final distribution of the molecules of cach kind will be the same as if none of the

other kinds had been present. © This is the same mode of distribution as that which
Darrox considered to exist in a mixed '1Lmosphele in equilibrium,-the law of diminution
of density of each constituent gas being the same as if no other gases were present.

This result, however; can only take place after the gases have been left fjr a consider- -
able time perfectly undisturbed.  If currents arise so as to mix the strata, the composn-
tion of the gas will be made more uniform throughout.

The result at which we have arrived as to the final dxstrlbutlon of gases, when lcft to.
themselves, is independent of the law of force between the molecules,

Diffusion of Gases. -

Tf the motion of the gases is slow, we may still neglect the tm"ent)al pressures. . The

“equation then becomes for the first system of molecules

dp, - - :
%’; + = =k\ee(n—u)+Xe, . . . L L (T8)

and for the sccond, - ,
au dp, g . -
bt2+t//~t2—A Aga(ty—w)+Xe,. . o L L 0L, (79)
In all cases of quict diffusion we may neglect the first term of each equation. If we
then put p, 4 p,=p. and g +e.=¢, we find by adding,

-j:Xal............(SO)_

If we also put p,,+p,u,= i, then the volumes transferred in opp(mtc directions across :
a plane moving with velocity u will be equal, 50 that

‘ NnPs . dp : ' L
1)‘(1"—11):1)*(”—N'-’)z‘//gl,glﬁk.\l'(xg’-ll;i‘l>' e e e e e (81)

Here p\(u,=~u) is the volume of the first gas transferred in unit of time across unit
of arca of the planc reduced to pressure unity, and at the actual temperature; and 3
Pe{u—u,) is the equal volume of the second gas transferred across the same area in the
opposite dircction. .

The external force X has very little cffect on the quict diffusion of gases in vessels of
moderate size. -We may therefore leave it out in our ds.fmltmn of the coeﬂicxent of
diffusion of two gases. : -

When two gases not acted on by gravity are placed in dlﬂ‘exent parts of & vessel at equql; SR

pressures and temperatures, there will be mechanical ethblmm from the first, and w.

~will always be zero.  This will also be approximately true of heavy gases, provxded the =
denser gas is placed below the lighter.  Mr. Granax has described in- his paper on the;’, ’

\Ioblht of Gascs*’ ex vmmwnta which: were made under these conchtlons. A yer tlcal
Y I
* I‘lnlosoplu( al Transactions, 1863, - i

nncccmu.\ TR L

o




‘74 MR. CLFRK M \\\VDLL ON THE DYNAMICAL THI‘ORY OF GASES.

_whence

ubc had its lowm tenth paxt filled with a hcavy gas, and the remaining mnc-tenths w1th" v
a lighter gus.  After the lapse of a known time the upper tenth part of the tube was
shut off, and the gas in it analyzed, so as to deteYmine the quantity of the heavier gas
which had ascended into the upper tenth of the tube dunnﬂ' the given time.

& Inthxscasewehaveu_.() B (82)

U= —

1dp; <
Gk pde’ T oot (83)

and by the equation of cont'i.nuity,
dp, d '
-1]_)31+£7.;-(})‘u‘)=0’ P (84)

dn_ hpa 1‘11’1. - (85
e nte LR ()

T oorif we put D= £17% AVZIE N

glg,/“\lp
dn_p®h T L. (86)

dt T datr
lhe solution of this equation is

" p=C+Ce"cos (nrta)+ & . . .. (87)

. If the length of the tube is «, and if it is closed at both ends, -

1Y

1D . .
;=C1+C2€ Wit COS—;-*—(,‘,SQ Yot COSQ;{"I' &e,. oo (88)

where C,, C,, C; are to be determined by-the condition that when ¢=0, p,=p, from
2=0 to o=-%4, and p,=0 from x=4'3a to x=a. The general expression for the case
in which the first gas originally extends from 4=0 to #==5, and in which after a time ¢

the gas from 2=0 to ar=c is collected is
p_bh 20 0 o oab 1 22y . 2mb , 2me | o ]
j)._a-l-" cje sin-—- sin +,—3—,0 “sin” Csin -4 &ep, o .. (89)

whorc];—]'ﬁ is the proportion of the first gas to the whole in the p01t10n from 2=0 to
F==C.

In Mr. Gramad’s experiments, in which one- tenth of the tube was filled with the first
gas, and the proportion of the first gas in the tenth of the tube at the ot11e1 end ascer- .
tained after a time ¢, this proportion will be

‘ 7D D D .
Y 20 T G 0 T L sin? § ,
1o — e sin’{—e sin® 2 0+e & sin 3_10— &e.;. . (90)

We find for a series. of values: of ! taken at equal mtelvals of time T, where

]Bg, 10 ¢*

I'= 10s* D’

P -of
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Time. ‘ . %
0 0
T 01193
27T 02305
3T 03376
4T ' . ©+04366
oT 05267
6T 06072
8T 07321
101 ‘08227
12T 08845
w 10000

Mr. GRAIAN'S experiments on carbonic acid and air, when compfircd with this Table, give
T=500 seconds nearh for a tube 0-57 metre long.  Now

log, 10 ¢ R
D= Om -~ fi,, S T e (91)
whence . o ,

D="0285 .

for carbonic acid and air, in inch-grain-sccond measure.

Definition of the Copﬁcz'em“ of Diffusion.

D is the volume of gas reduced to unit of pressure which passes in unit of time
through unit of area when the total pressure is uniform and equal to p, and the pressure
" of cither gas increases or diminishes by unity in unit of distance. T’ may be called the
cocfficient of diffusion. It varies directly as the square of the absolute temperature, and
inversely as the total pressure p. S ’

"The dimensions of D are evidently L*T~', where L and T are the standards of length ‘
and time. - : :

In considering this experiment of the interdiffusion of carbonic acid and air, we have‘ :
assumed that air is a simple gas.  Now it is well known that the constituents of airean

be separated by mechanical means, guch as passing them through a porous diaphragm,

as in Mr.. GralAM'S experiments on Atmolysis. The discussion of the mterdlﬂ'usmn ‘of
- three or morc gases leads to a much more comphcated equation than that which e have

found for two gases, and it is not casy to deduce- the coefficients of interdiffusion of the .

separate gases. It is therefore to be desired that experiments should be made on the

interdiffusion of every pair of the more important pure gases.which do not act chexmcally e

on each other, the tcmp(‘latulo 'md pressure of the mixture bemg noted at the tlme of
expenment

Mr. Gr: ara has also pubhched in BRANDE'S Jounml for lbﬁQ pt. y’\l 7 4, tge 1Eaults ks

L2 o
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of experiments on the dlffusmn of various gases out of a vessel tlnourrh a ‘mbc mto air.
The coefficients of diffusion deduced from these expeuments are— "

Air and Hydrogen . . . . . ~026216
Air and Mash-gas . . . . . -010240
Air and Ammonia . . . . . -00962
Air and Olefiant gas. . . . . 00771 *
Air and Carbonic acid . . . . -00682
Air and Sulphurous acid . . . -00582 -
Air and Chlorine. . . . . . 00486

"The value for carbonic acid is only onc third of that deduced from the experiment
with the vertical column. The inequality of composition of the mixed gas in different
parts of the vessel is, however, neglected ; and the diameter of the tube at the middle
part, where it was bent, was probably less than that given. .

Those experiments on diffusion which lasted ten hours, all give smaller values of . I
than those which lasted four hours, and this would also result from the mixture of the
gases in the vessel being imperfect. '

Interdiffusion through a small hole.

When two vessels containing different gases are connected by a small holc, the mixture
of gases in each vessel w ill be nearly umfonm except near the hole; and the inequality
of the pressure of each gas will extend to a distance from the hole dependmn on the

. diameter of the hole, and nearly plOpOl‘thIl‘ll to that diameter.

« Hence in the equation
‘ 0 dj . . .

0o+ E=kAg g —u)+Xe . ... .. (92)
the term @—‘ will vary inversely as the diameter of the hole, while #; and u, will not
vary con%ulembly with the diameter. '

Hence when the hole is very small the right-hand side of the equation may be neg- -
lected, and the flow of either gas through the hole will be independent of the flow of the

" other gas, as the term £Ag,g, (u,—u,) becomes comparatively insignificant.
One gds therefore will escape through a very fine hole into anothu ncarly as fast as

into a vacuum; and if the pressures are equal on both sides, the mlumeskdlffused will be

“as the square roots of the specific.gravities mwelsely, which is the law of dxffusxon oi

gases cstablished by GRaHAM™.

. Variation of ﬂze invisible agitation (B)
By putting for Q in equation (75)

Q—-‘, (&) + (v (B 1)(s.+m+é"")) | {f‘(93)5: |

E Tr‘ms Roy '11 Socut) of Ldmbul'gh \01 xii, p 222,
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and cllmmatuw by means of equations (76) and (o‘)), we find

2 2 o
}{elé_tﬁl(zl.*-’ﬁ )+€1‘=| dv +§‘|’71 dj+5lg? d”;

do, | dw du e, , dv
+5‘"‘;‘("“ :J)'H’”‘E (,;; d~)+e1=m(dj+%—‘)

+ﬂ {d'z.(glgl_*—gl 177;+51;1:f)+%(51’71&"‘?1”?"‘51’71‘-’7’?)+’d}(€lz;|€f+€x§ﬂg+flg3)} .

_;f'f;’gl {’\I,[(u,—u,)“’ (2—@»,)2+(u;,‘.'iw,“y]+M.,(gg+,7;+ )= M, (@7 +€"‘)}

N gm— e N F

In this eqﬁation the first term represents the variation of invisible .agitation or heat;
the second, third, and fourth represent the cooling by expansion; the fifth, sixth, and
seventh the heatin‘g"‘ effect of fluid friction or viscosity; and the last the loss of heat by
conduction. The quantitics on the other side of the equation represent the thermal
cffects of diffusion, and the communication of heat from one gas to the other.

The equation’may be simplified in various cases, which we shall take in order.

1st. Equilibrium of Temperature between two Gases.—Law of Equivalent Volumes.

We shall suppose that there is no motion of translation, and no transfer of ‘heat by
conduction through ecither gas. . 'The equation (94)is then reduced to the following form,. "

Leg BB+ =15 {\Iﬂﬂwﬁ 2= M(E+ri 48 } .. (95)

If we put - . R,
M, M, '
M l>+l1\1.2(§1+771 :;)=Qn and :“;;iﬂé(%z‘i‘ﬂz‘l"v r)—sz L (96) : ‘ 7
" we find- . ‘ o
e 2k, -
at(Q Qn)——\l 4 \1 (M +MeB)(Q~Q), - . . . . . (9‘)
.or

), — Q. =Ce — : 1 | ,
Q,—Q,=Ce ™", “1101072 “ (M Zﬁz—i—l\l,glﬁ,)ﬁﬁ; . e (98)

1f, therefore, the gases are in contact-and undisturbcd, Q, and Q, will rapidly becéme
cqual. Now the state into which two bodies come by exchange of invisible agitation is
called cquilibrium of heat or equality of temperature. Hence when two gases are at
the same temyperature, ' : ’ - : e
Q=Q, . . e e e el (99)
O _ME -+ +2)
Qo Ma(fr+n +§)

M, no
‘e

s
?e
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Hence if the pressures as well as the temperatures be the same in two gases, '

M ... (100)
& 8 ’ o
or the masses of the individual molecules are proportional to the density of the gas.

This result, by which thé relative masses of the molecules ¢an be deduced from' the
relative densities of the gases, was first arrived at by Gav-Lussac from chemical consi-
derations. Tt is here shown to be a necessary result of the Dynamical Theory of Gases;
and it is so, whatever theory we adopt as to the nature of the action betiveen the indi-

" vidual molecules, as may be seen by equation (34), which is deduced from perfectly general
assumptions as to the nature of the law of force.

We may thercfore henceforth put 3; for %{i, Wheref s,, s, are the specific gravities of ’
the gases referred to a standard gas.

If we use 4 to denote.the temperature reckoned from absolute zero of a gas thermo-
meter, M, the mass of a molecule of hydrogen, V? its mean square of velocity at tempe-
rature unity, s the specific gravity of any other gas referred to hydrogen, then the mass
ofa molecule of the other gas is ' . v

M=Mg. « o o oo .. ... (101
Its mean square of velocity, S
1 2,
=V . . ..o (102)
Pressure of the gas, o '
' p=3Vi. . . . .. .. L. . (103

We may next determine the amount of cooling by expansion.

Cooling by Expansion.
Let the expansion be equal in all directions, then

de__dv_dw__ 1 e ) ’
e A a0

and % and all terms of unsymmetrical form will be zero.

If the mass of gas is of the same temperature throughout there will be no conduction
of heat, and the equation (94) will become

‘2
182% 1Vg_f_o ¢ 1)
or — ’ .
—3 2$l==3ﬁ§ﬂ,. R 41111}
or B : SO

% ..., aon

. which gives the relation between the dens1ty and the thpenture in agas expandihg |

é
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without exchange of heat with other bodies. We also find
op_o¢ 0
i 4+
=2+38 3¢
* == 5 o
_ which gives the relation between the pressure and the density.

LSy

Specific Heat of Unit of Mass at Constant Volume.

The total encrgy of agitation of unit of mass is V2= h or

~__38p ” -
E=FL a0

If, now, additional energy in the form of heat be communicated to it without changing
its density,

3 38 L] (
dE= fbgl’ 0};39. € 5 11)

Hence the specific heat of unit of mass of constant volume is in dynamical measure

E__3 Ty
aaa—_-_f T (111) -
Specific Heat of Unit of Mass at Constant Pressure.

By the addition of the heat OE the temperature was raised 90 and the pressure 9p.
Now, let the gas expand w itliout communication of heat till the pressure sinks to its
former value, and let the final temperature be §4-9'4. The temperature will thus sink
by a quantity 30—9'd, such that '

§ 9¥3B pT 2438 8”
whence
9% _ 33 9. 2
TETTR 6 e (112)

OE_2438p . . L L L. 13

The ratio of the specific heat at constant pressure to that of constant volume is known
in several cases from experiment. We shall-denote this ratio by '

243 I
=2, (114)
whencé » ‘ : :
¢ L1 .
» ‘3:—3— 7—1. . . FRR . . . . . . (110)
The specific heat of unit of volume in- ordmary measure is at constant \olumc

1 p S ~
vy—lJB"""""" (11(;)
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and at constant pressure

; y~1 J4§
where J is the mechanical equivalent of unit of heat.
From these expressions Dr. Rankivg* has calculated the specific heat of air, and has

found the result to agrce with the value afterwards determined experimentally by
M. ReeNavLTt. :

B P T ¢ 3 1))

. lermal Lffects of Diffusion.

~If two gases arc diffusing into one another, then, omitting the terms relating to heat
generated by friction and to conduction of heat, the equation (94) gives
e \ v 0y s d: dv,  dw du, | dv,  dw,\
%g.576,(;?+:7?+é'?)+%§25—,62(;§+v;+€§)471h( ot ,Z;‘) +, (di+ +7) 118)
=keie A {(0 =) 4 (v, —v,) 4 (w, —w0,)} ‘
By comparison with equations (78), (79), the right-hand side of this equation becomes

X(eit,+ett)+Y (e, +ev) 7 (o0 +§zw2)
dp, (l]) dp, dp, dp,
<Jz vt d_/ ‘+ ; ) (dx 2_'—(/_/2 ot dz U‘)
—1p: t(u“-{—z -Hv) 18 JBQ(U +v2+u'7)

The cquation (118) may now be written *

(119)

=X(eat,+e:)+ (e +em) + Le, o) — (d ]'"‘I‘Jd{m“‘dfz%i )

The whole increase of cnergy is therefore that due to the action of the external

forces minus the cooling due to the expansion of the ‘mixed gases. If the diffusion

takes place without alteration of tlie volume of the mixture, the heat due to the mu-

- tual action of the gases in diffusion will be exactly neutralized by the cooling of each
gas as-it expands in passing from places where it is dense to places where it is rare.

}m%(af+v¥+wﬁ+ﬁ,(zf+ﬂ+:3)) ,za,(wm +i+p(E4r+1) 1'
}
|
|

Determmatzon of the Inequality of Pressure in d ifferent du ectwns duc to the
: Motion of the Medivm.
Let us put

; §,§?=pl+m and 32§§=1)2+g,. e e e (120) ‘
Then by equatlon (52), : :

)
q —3kAng— M- +M (2M,A, +3M,A)guq —A(3A,— ‘-‘AI)M +M e.q; vv(]\‘)])"‘

- .
—-lfg,g,ml—_‘fiEAg—- A )(Qu,—-u —v —10,—w2)

* Transactions of the Royﬁl Society of “Edinburgh, vol. xx. (1800). : + Comptes Rendus, 1853,
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the last term depending on diffusion ; and if we omit in equa.tlon (7:))

dimensions in &, #, &, which relate to conduction of heat, and neglect quantltles of the
form &z and g&*—p, when not mllltlphed by the large coefficients %, %, and k,, we get

\ o |
+2pdz 31’(¢t+____ +d~) AR i (122)

If thc motion is not subject to any very rapld changes, as in all cases except that of

the propagation of sound, we may neglect Baq‘ In a single system: of molecules

7 N R ¢ 1)

whence ‘ e e
1= ~3ha g\ .3 GtetE)f oo - o o (124)

11p :
SEGETM L (125)

@ will be the coefficient of viscosity; and we shall have by equation (120),

. du dv  dw N

ff:l"gh’”{lu <d;v+d_/ )}
e { do 1 /du {lu,‘%w

& -*P_-("LJT“;s T ETE)p

|
sl )]

and by transformation of coordinates we obtain
) dv  dw
> 47 Y= '—{‘l' (d— + > ‘i
. de  du | v -
f:%:—‘w<dl+ ), r T (127)

. C /du
£ = — (dy+ n)

These are the values of the normal and tangential stresses in a simple gas when the

variation of motion is not very rapid, and when g, the coeﬂicmnt of viscosity, is so small
~ that its squaxe may be neglected. : .

If we make

(126)

‘ ﬂgua{wns of Motwn agrrected for Viscosity. ERERE T V

Substituting these values in the equation of motion (76), we find - e T -
Bu dp . [d% | du 1. dfdu I

g Bt+dx ’/'{dx9+djz+ sz} 3 dx(dx+dy+ d~> Xf’ '. . (128)

with two other equations which may be wntten down from symmetly The foxm of
these equatlons is identical with that of those dednced by’ POISSON" hom the theory of

* Journal de T'Ecole Pol) techmqne, 1829 tam xrtr cahexx; Tr. 139
MDCCCLXVIL Mo
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elastlmty by suppomnﬂ thc stmm to’ be cgﬁnmﬂly relmcd at a rate propm'lmnal to 1ts SR

amount.  The ratio of thc thud aml fourth terms agrees with that given by Plofessori
STOKES*, IS ~ . : .

- If we suppose th,e m;,quaht) of pressure which we ha\c denoted by g to C\mt in the "
medium at any instant, and not to be m'unt'uned y the motion of the mcdlum, we ﬁnd

from equation (123), : : o T
rg,:Cc‘”"‘*’?'. Co e e e e e (129)
: et et e
=Ce 1t -—m-—ﬁ, e (a ) :
the stress ¢ is therefore relaxed at a rate proportional to itself, so that o
R o

T e (131) -

“We may call T the modulus of the tlmc of relaxatién.
If we next make A=0; so that the stress q does. not become 101.1\((1 the mediuns will

be an elastic solid, and the oquntmn

. a( 7) he du de  dw ‘ e
’ g%t +01)t[.1 JI'( l/j l[~) 0 . . . . . . .‘ . (102)

may be written :
P} da , [da  dB rl'y

gl{(j)xz_j))+2p[[‘i_il ( +dj+ )} . e « e e (133)
where «, 3, y are the displacements of an clement of the medium, iniiij),ﬁ, is the normal

pressure in the direction of . If we suppose the initial value of this quantity zero, and
P, originally equal to p, then, after a small displacement,

B & da . g
PuP 1’<d4+d/+¢z> 2 e e e e (1.54) 

and by transformation of coordinates the tanrrentlal pressure
pf,y (ZI_/TJJ) R ... .o .. (139)
The mediumy lias now the mechanical properties of an clastic solid, the rigidity of -

“which is » ‘while the cubical elasticity is §pt.
"The same result and the same ratio of the clastlcmes would be obtained if we supposed

the molecules to be at rest, and to act on one another with forces dependmfr on -the

- 'dlstance,f as'in the statical molecular theory of elasticity. = The coincidence of the pro-.

ies of a.nmedlum in whlch the molecules are held in ethbnum by attmctlons and
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The cocfficient of instantancous rigidity of a gas 1s therefo:e ) :
"The modulus of the time of 1chx1tlon is T. . Coe (186)
The coeflicient of viscosity is p=pT. ' N

"Now pyvaries as the density and temperatare conjointly, while T varies mve,Ncly as
the density, ;

IIcncc p varies-as the absolute temperature, and is independent of: the density.

This result is confirmed by the experiments- of Mr. GRAAM on the Tmnsplmtmn of
Gases*, and by my own experiments on the Viscosity or Internal Friction of Air and
other Gasest. - . . ' :

- The result, that the wscoswy is mdep(‘ndent of the density, follows from ‘the Dvn‘t' ‘
mical Theory of Gases, whatever be the law of force between the molecules. It was
" deduced by mysclf{ from the hypothesis of hard elastic molecule/s and M. O. E. MEYER§

* has given a more complete investigation on thé®same hypothesis.’ :

The experimental result, that the viscosity is proportional to the absolute temperatuw,’
requires us to abandon this hypothesis, which would make it vary as the square root of
~ the absolute temperature, and to adopt the hypothesis of a repulsive force inversely as
the fifth power of the distance between the molecules, which is the only law of force
which gives the observed result.

Using the foot, the grain, and the second as units, my experiments give for the tem-
perature of 62° FAuRENHEIT, and in dry air,

w=00936.
If the pressure is 30 in’chos of mercury, we find, using the same units, ‘
p=477360000. ’ .
Since pT=w, we find that the modulus of the time of relaxation of rigidity in air of

" this pressure and temperature is _ -

t

5099100006 °f @ second.

This time is cxceedmﬂly small, even when compared with the peiiod of vibration of 7
- the mdst acute audible sounds; so that even in the theory of sound we may consider the
motion as steady during this very short time, and use the cquatlons we havc already
found, as has bcou done by Pr 0fes<01 StokES ||

Viscosity of a Mizture of Gases. ; .
" In a complete mixture of gases,.in which there is no diffusion gomg on, the velocxty e . »
at any point is the same for all the gases. . R

hilosophical Transactions, 1846 and 1849,
+ 1rocudmgs of the Royal Souct), February §, 1866 PhﬂosoplncalenBuetmns, 186() P 249 S
% Philosophienl Magazine, January 1860, § PocaENDORFIs ¢ Annalen;’ iﬁﬁﬁ., . g i
h #On the effect of ‘the Internal Fnctmn of I luu}s on §h0 mohon of Pendulums,” Ct\mbmdge Transact!on\ o
vol. ix. (18 )U), art, 79. sl : i

[
-
o
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Puttmg . | ; S ‘
2/ du dv du . g T e
3‘(‘)2— (_I}_;{ ) U . .t R '. v (104) :
eqmtxon (122) becomes . A e e
L Mg ‘
PU==8BAgg—y §y (LA+3LA)eg _/,-—L(oA —28) et - (139)
Similarly, - "\‘ R '
k o : ¢ M, :
CpU==3EA gy § oy (A AR~ FHGA=28) 3y 6 - (139)

i Smce P=p +p, and ¢=¢,+¢,, where p and ¢ refer to the mixture, we shall h‘uc

wU=—g=—(g:+2)
‘where w is tho coefficient of viscosity of the mixture. :
If we put s, and s, for the specific gravities.of the two gases, 1efoucd to a standard

gas, in which the values of p and ¢ at temperature 4, are p, and p(,,

p=he Pold B+ Epyp+Gpl » coe oo (140)

eodo 3ok, Ep?+ Hp p,+ 34, oty Gp?’
where @ is the coeﬂiqmnt of viscosity of the mixture, and

ks
E=; js (25,4, 43s,A ,),

F=3A,k8,+ks,)— ()A —2A M{Tf o ‘(1.41)
/c%: . . A 14

G=

?|+s (25,A,4 3s,A,),

TT=3A,5,5,{3k,k,A, 2424, ). . DT

7

This expression is reduced to p, when p,=0, and to s, when p,=0. For other values
of p, and p, we require to know the value of 4, the cocfficient of mutual interference of
the molecules of the two gases. This might be deduced from the observed values of g

~ for mixtures, but a better method 1s by making experiments on the interdiffusion of the

two gases. The experiments of GRaliaM on the transpiration of g gases, combined with
my experiments on the v1scos1ty of air, give as values of 4] for air, hydlogen, and car-

 bonie acid,
. Air . . .. . l., = 481 x7T0",
Hydrogen . . . F=1428 x10",
Carbonic acid . . 4= ,39 x10v

The expenments of Gramay in 1863, referred to at page 73, on, the mterdlﬁ'usmn of (o

air and carbonic acid, give the coeﬂicxent of mutual interference of these oases,
Air and carbomc acid - . £=52x% 10‘° '

'md by takmg this as the absolute value of &; and assuming that the xatwsei the{:ﬁeﬁ-
cients of mterd1ﬁ'us1on given at page 76 arc conect we ﬁndv

Air and hydrogen . . k:
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These numbers are to be regarded as doubtful, as we have supposed air to. be a sxmplc
gas in our calculations, and we do not know the value of / between oxygen and nitrogen.
It is also doubtful whether our method of calculation applies to expenments such as thc :

carlier observations of Mr. Grana, N : :

I have also examined the transpiration-times determined by Gramay for mixtures of
hydrogen and carbonic acid, and hydrogen and air, assuming a value of % roughly, to
satisfy the experimental results about the middle of the scale. It will be seen that the
calculated numbers for hydrogen and carbonic acid exhibit the peculiarity observed in
the experiments, that a small addition of hydrogen increases the transpiration-time of
carbonic acid, and that in both series the times of mixtures depend more on the slower
than on the quicker gas. : ,

The assumed values of £ in these calculations were—

Tor hydrogen and carbonic acid A==125 x10%,

For hydrogen and air . . . . ;=188x10";
and the results of observation and calculation ale, for the. times of tmnsplratlon of
mixtures of—

[ Hydrogen and (‘arbmm m-xd Obscrvvd Cnhulatvd -’ derogen and Axr ] Observed. ‘ Calculated.

100 0 +4321 —'@4;,0’ : 100 0 l 4434 . +4375

975 25 4714 4750 95 5 5282 - ' -5300
935 5 53157 5089 90 7 10~ 3880 [ #6028
, 90 10 3722 +3678 75 25 . ~7488 | 74387 |
75 25 6736 6822 50 50 ‘8179 ‘8488 |
50 50 -7339 7652 25 75 8790 8946 |
25 75 *7535 7468 10 90 1. -8880 8983 |
10 90 7521 7361 5 95 | -8960 .| 8996 |
100 00 | [ 9010 '

0 7470 NEZE R 0 1 9000

The numbers given are the ratios of the transpiration-times of mixtures to that of
~oxygen as determined by Mr. Gramay, compared with those given by the equation (140)
deduced from our theory.

Conduction of Ileat in a Single Medium (y).

The rate of conduction depends-on the value of the quantity
| YR+ 8+ 857),
where &, &, and £2* denote the mean values of those ﬁmctlons of £ 9, ¢ for all the
molecules in a given clement of volume.

As the expressions for the variations of this qufmtxtv are somewhat comphcatcd in a-
mixturc of media, and as the (\\peumcntal investigation of the conduction of lieat in
gascs is attended iith great dlﬂicult\ i1 shall confine m} self here to the dxscussmn of a.
single medium. - : , . P

Pnttmg

=M(u4E) (4 e+ ""’+"w+"w"+ﬁ( kgL L (M2)
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and neglectmfr terms of the forms % and £ and &2 when not multlphcd by the lalge'vv
coefficient £,, we find by equations (75), (77), and (54), .

. 0o EET 4 2 1 ¥ dp ) dp .

= B(E -+ & e (I S B S g4y — 2382 :

F o5 PE+E+HE B L e+ )—6( +§) B8 ,“(143)
- ._,——okle’AZB R +&5%. : - ' '
The fust term of this equation may be neglected, as the rate of conduction w1ll rapidly
establish “itself. ‘The seconﬂ term contains quantities of four dimensions in £ 7, é',.
whose values will depend on the distribution of velocity among the molecules.g If the

“distribution of veloc1ty is that. which we have proved to exist when the system has no -
external force acting on it and has arrived at its'final state, we shall have by equations

(29), (31), (32),

. B =37, f=3k, e

ﬂ = B= b, (145)

, 2:—;;:!;_(146)
“and the equation of conduction’ may be written | . .

rﬁpe =3k A BB+ W) L (147)

IO L

[Addition made December 17, 1866.]:

|

‘ [Final Equilibrium of Temperature.] ;
[The left-hand side of cquation (147), as sent to the Royal Society, contained a term

d . - .
2(3-—1)7-; (L—I;’ the result of which was to indicate that a column of air, when left tor

itsclf, would assume a temperature varying with the height, and greater above than
below. The mistake arose from an error* in equation (143). Equation (147), as now
corrected, shows that the flow of heat depends on the variation of temperature only, and
not on the direction of the variation of pressure. A vertical column would therefore,
when in thermal equilibrium, have the same temperaturc throughout.-

When I first attempted this inyestigation I overlooked the fact that 2 is not the same

Cas B .V—Q, and so obtained as a result that the temperature diminishes as the height increases

~ at-a greater rate than it does by expansion when air is carried up in mass. = This leads

at once to a condition of instability, which is inconsistent with the second law of ‘thermo-

- dynamics. T wrote to Professor Sir W. Tiousox about this result, and the difficulty I

had met with, but presently discovered one of my mistakes, and arrived at the conclu- ‘
Sion that the temperature would increase with the height. This does not lead to mecha—*,
* The last term on the left-hund sulo was not multiplied by 5
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nical instability, or to any self-acting currents of air, and I was in some deglee satlsﬁed
with it. But it is.cqually inconsistent with the sccond law of thermodynamxcs In fact,
if the temperaturc of any substance, when in thermic equilibrium, is a functxon of the -
height, that of any other s subct’xz{e musg be the same function of the hewht For if not,
let equal columns of the*two substances be enclosed in eylinders impermeable to heat,
and put in thermal communication at the bottom. If, when in thermal equilibrium, the
tops of the two columns are at different temperatures, an engine might be worked by
taking heat from the hotter and giving it up to the cooler, and the refuse heat would

_circulate round the %xtvm till it was all converted mto mechanical cnmgy, which is in

contradiction to the sccond law of thermodynamics.

The result as now given is, that temperature in gases, when in thermal equili-
brium, is independent of height, and it follows from what has becn said that tempera-
ture is independent of height in all other substances. ..

~If we accept this luw of cmperature as the actual one, and examine.our assdmptions,
we shall find that unless =252 %, we should have obtained a different result. Now
this equation is derived from the law of distribution of velocfties to which we -were led
by independent considerations.  We may therefore regard this law of temperature, if
true, as in some measure a confirmation of the law of distributior?! ‘of velocities.]
‘ 5
(00ﬁ(zmzf of € ondudm{J

IfCis the cocfficic mt of (onductmt} of the gas for heat, then the .quantity of heat

which passes through unit of area in unit of time measured as mechanical cnergy, 1s

di- 5 pe b
by equation (1 47)

Substituting for 3 its value in terms of 7 by cquation (115), and for %, its \alue in
terms of p by cquation (125), and calling p,. g, and ¢, the simultaneous pressure, density,
and temperature of the standard gas, and s the specific gravity of the gas in question,
we find ! ' ' s
C=y by el N '; . (149)

3(y— l) 9090 ’ : '\

For air we have y=1-409, and at the temperature of mcltmg ice, or - 274>6C.
above absolute zero, \/f =018G feet per second, and at 16™6 C,, [/.--0 0936 in foot—
m‘un-second measme Hence for air at 16*6 C the conductmty for hcat is ,

C=1172. B U R (150)

‘That is to say, a horizontal stratum of air one foot thlck of which the upper surface. is
kept at 17°C,, and the lower at 16°C., would in one second transmit through e4ery

* square foot of horizontal surface a quantity of heat the mechanical energy of’ which is -

equal to that of "344 1gw.ms moving at the rate of one foot per second.
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Principal Fornes* has deduced from his expeumcnts ot the conduction of heat in
b'us that a plate of wrought irom one foot thick, with its opposite surfaces kept 1°C.
different in temperature, w ould, when the mean tempcmtme is 256° C.; transmit in one
minute through every square foot of surface as much heat as would raise oné cublc foot ‘
of water 0°0127 C.: '

Now the dynamical cquivalent in foot-glam-sccond measure of the hieat 1equued to
raise a cubic foot of water 1° C. is 1:9157 x 10" : ‘
It appears from this that iron at 25° C. conducts heat 3525 times better than air at
166 C. : '

M. Crausius, from a different form of the theory, and flom a different ‘alue of iy
found that lead should conduct heat 1400 times better than air. Now iron is twice as
good a conductor of heat as lead, so that this ‘estimate’is not far different from that of
M. Cr.AvsIUs in actual value. o C ‘

In reducing the value of the conductivity from one kind of measure to another, we
must remember that its dimensions are MLT-? when expressed in-absolute dynamical '
measure.

Since all the quantities which enter into the cxpression for C are constant except g,
the conductivity is subject to the same laws as the viscosity, that is, it ‘is independent
of the pressure, and varies directly as the absolute temperature. The conductivity of i
iron diminishes as the temperature inereases. :

Also, since y is nearly the same for air, oxygen, hydrogen, and’ carbonic oxide, the/
conductivity of these gases will vary as the ratio of the viscosity to the specific gravity.
Oxygen, nitrogen, carbonic oxide, and' air will have equal conductivity, while that ot_
hydrogen will be about seven times as great.

The value of ¢ for carbonic acid is 127, its specific gravity is %+ of -oxygen, and 1t»;
viscosity & of that of oxygen. The conductivity of carbonic acid f01 heat is therefore
about J of that of oxygen or of air. “ )

o Experimentol Inquiry into the Laws of the Couductwn of Heat in Bars,” Edinburgh 'lramactlons, 1861 62,

‘




