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Plasma ionization. Saha equation. I

([2], p.184-187; [11] p.382-390, 402-408 )

How to make plasma? The most natural way is to
heat a gas to high temperature. High-speed
electrons collide with atoms and tear away electrons
from atomic orbits. The degree of ionization
depends on temperature. A general relation
between the degree of ionization and temperature
can be obtained from a statistical description of

plasma in thermodynamic equilibrium.

Comnsider N,o atoms in volime V. Then, as a result
of an ionization process there are INV; ions and
N, = N, electrons. The number of remaining

neutral atoms is

Ng = Ngo — N;

Consider a single nucleus. If it has a bound
electron then this is an atom, otherwise it is ion.

According to statistical physics the probability
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electron is in the energy state € is
€k

i = Acsp (%)
k p T

where A is a constant. Negative ¢, correspond to
bound states, and positive €, correspond to

continuum.

In hydrogen atom the energy of the bound states is
given by the Bohr formula:

me* : me?
€ = — € = —
TR C T 32m2e2n2k2
where £ = 1,2, .... For simplicity consider only the

lowest level.
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Figure 1: The energy energy levels of hydrogen atom
The abscissa denotes the position coordinate of the
electron (the distance between the proton and elec-

tron), r , in units of the Bohr radius ag, where
2 2
apg — h 5 SI ag = dmeol .

me me?
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For simplicity consider only the lowest level £ = 1:

me4

€= ——>5 = —1
2h*

where I = Ry = 13.6eV is the ionization potential.

Constant A can be found from the condition that
the total probability is 1:

—1

1 €L
exp T + exp <_T)

€L >

The states with €, > 0 are in the continuum. Thus,
the second term (partition function) can estimated
as an integral in the phase space. In the
quasi-classical approximation, each energy state
corresponds to an elementary cell in the phase
space (p,r), the volume of which (27h)3:
Z . / d3pd3r

(27h)3

e >0

where p is momentum.
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Each electron occupies 1 elementary cell in the
phase space (p,r) of volume (27h)?. This is Pauli’s

exclusion principle.

In the continuum state we can neglect the energy of
interaction between electron and nucleus, and

assume that energy e, = p*/2m. Then,

> oo () = [ ke (otfan) =

€ >0

v
(27h)3

(2mT)3/2/ dz z* exp (—z°) =
0

/ 4mp?dp exp (—p2/2mT) —
0

(27h)3
L VmdRTe2 Y

- 93/223/253 VQ.

Here we assumed that the space is uniform and

isotropic and used the following relations:

/d3r=v
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is volume available for electron;

/000 dz z° exp (—2?) = /7 /4
r=p/V2mT

Also, we defined ”quantum volume” Vg as

3
23/2 3/2h3 2
Vo= = (\/—=h | =1}

m3/2T3/2 mT

where

v 21h h
A\p = = Vdm—
b vmT %

where p = v2m/1' is momentum.

Thus, Ag is a De Broglie wavelength of electrons

for thermal motion.

The physical volume V' per electron is equal to the
total plasma volume divided by the number of
electrons, that is:

V=n!

e
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Thus, the partition function of the free states is:

€k Vv 1
Z ©xp (_T) B V—Q B )\%ne

er>0

Thus, constant A:

I 1 \ !
A= — .
(exp T + )\%ne>

Therefore, the probability w, of an proton to have
a bound electron is:

exp (I/T)
exp (I/T) + 1/A%4n,

Wq =

The corresponding probability for ions is:

1/Ain.
exp (I/T) + 1/A4n,

wz-:l—waz

Then, the relative ion density is:

— == exp (—I/T)
Na  Wq My

or

NiNe 1
= 3 exp (—1/T)
Ng )\%
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Note that electrons, ions and atoms have internal
degrees of freedom, which affect their partition
functions. For instance, electrons have two spin
states, "up” and "down”, thus statistical weight for
electrons g. = 2. Because of this each energy levels
can be occupied by two electrons. Therefore, in the

last equation we should replace n. with n./ge.

Taking into account the statistical weights for ions

g; and atoms g, we write:

nen;  gige exp (—1/T)
Ngq B Ja A%

= K(T)

K (T) is the equilibrium constant.

The degree of ionization is defined as

Q= Ne/Ngo = Ny /Nao

where n,o 1s the total number of atoms and ions.
Then n, = (1 — a)ngyo and the final equation for
the ionization degree is:

a® _ gigeexp (—1/T)
(1—«) Ja )\%nao

This is Saha equation.
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Figure 2: The degree of ionization, «, of hydrogen
plasma in thermodynamic equilibrium for different
plasma densities (in cm™3). J is the ionization po-

tential.

This plot shows that the characteristic temperature
of ionization is much lower than the ionization

potential. This is because the large factor 1/A%nq0
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in the Saha equation. This ratio can be written as

n—1/3\ 3
( AB ) ’

cubed ratio of the distance between the particles

and the De Broglie wavelength. For example, for
ngo = 10 and T = I = 13.6 €V, this factor is
1.7 - 108.

We have considered only the ground state of the
atom and continuum, and neglected the higher
bound state. How accurate is this approximation?
Since the ionization occurs at T' < I, and the
energy difference between the ground state and the
next energy level is %I , the probability of the
transition to this level is exp (—%I / T), very small.
The electron has much higher probability of
transition to continuum than to the higher energy
level. The reason for this is that the number of the
available states in the continuum is very large, and
even though the probability of transition to each of
them is lower the total probability of the transition
to the continuum is much higher than for the
higher bound states.

10
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Example: solar core: n = 10%% cm ™,

T = 103eV~ 10°K. (Note: h = 6.582 x 107 1%eV s,
m = 5.69 x 10~ 1%eV-s?cm™2).

Y 27h

A ~ 2.10"%cm
b vmT
Abn ~ 1
o 13.6 !
—exp | —— | =
I—a P\ 108
a~0.6

Ionization is not necessary complete in the solar
core.

-3

Example: solar surface: n = 10'% cm™3,

T ~ 6000 K~ 0.5¢eV.
Ag ~9.6-107% cm
1/Abn ~ 10°

o 1 13.6
= — ——— ) ~2-107"
l—a nAy P ( 0.5 )

a~4-1074

This is weakly ionized plasma.

11
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Elementary processes in plasma'

The Saha equation describes ionization of plasma
in thermal equilibrium. When plasma is not in
thermodynamic equilibrium it is important to
study elementary processes of ionization and
recombination, which occur because of particle

collisions.

The most important processes are:
1. Ionization by electron impact
2. Photoionization

3. Recombination

Ionization by electron impact

Consider 1onization due electron collisions:

e+ H— H"+e+te

First, we find the cross-section of this process.
Consider collision of two electrons. Ionization will

occur when the energy transferred to the electron

12
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in the bound state exceeds the ionization potential.

( p2‘|‘V2t2) 12

Figure 3: Electron collision.

Calculate the energy of the initially stationary
electron after the collision. For large collision
distances p, the electron will move in the direction

perpendicular to velocity of the fast electron.

Acceleration in the perpendicular direction is:

e? J7

m (p? + v212)3/2°

w,| —

Then, the velocity change is:

m / 2+ v2t2)3/2
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e /OO dx 2¢?
v _= —
ST mop ) (L4 2232 T mup

The corresponding energy change is

'rrw2L B 2¢? B e’
2 mu2p? Wp2

€ —

where W = muv? /2 the initial electron energy.

Thus, p? = (%)

Define the differential cross-section as:

7T€4

W €2

Ionization will occur when the energy transfer is

de.

do = |2mpdp| =

greater than the ionization potential: ¢ > I.
However, the energy transfer cannot exceed the
initial energy W.

Therefore, the total ionization cross-section is
obtained by integrating the differential
cross-section from [ to W:

W W 4 AT _
Ui:/ da:/ me” . _ T (W —1)
T T W€2 WQI

This is so-called Thompson’s formula.

14



Physics 312 2. Plasma tonization. Saha equation.

Maximum of this function is at W = 21

4
e 2

_ _ _ —16 2
O'max—ﬁ—ﬂ'aB—].O C1n

where ap is Bohr’s radius of electron.

15
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Figure 4: Cross-section ionization of hydrogen atom

by electron impact. The solid is the experimental

cross-section. the dashed line shows Thompson’s for-

mula.
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The ionization rate by electrons in a unit volume is:

na<0ive>

where the brackets denote averaging over a velocity
distribution of electrons.

Then the number of electrons growths as a result of

lonization as

dn.
dt

= NeNg <Uive>

When the number of electrons is large then the
reverse process of collisional (or triple)
recombination takes place when two electrons
collide with an ion and one of the becomes bound
and another one carries away the released energy.

Ht" +e+e— H+e

Let o, be the cross-section of this process. Then its
rate is:

nzng (O4Ve) = nmgﬂ

where 0 = (0,ve) is recombination constant.

dn.

dt

= NNy (T30Ve) — ﬁngnz

16



Physics 312 2. Plasma tonization. Saha equation.

The recombination constant 3 can be calculated
from the dynamics of collisions or more easily from

the Saha equation.

Indeed, in the thermodynamic equilibrium
dn./dt = 0:

NeNg(T;Ve) — ﬁngni =0
NeMg N,
n2n; (oive) = NeTl; (ite)

0=

From Saha equation we know that

Nn;Ne

- = K(T)
Therefore,
_ {oive)
T Ky

Photoionization and recombination

Photorecombination: H™ + e — H + hw
Photoionization: H + hw — HTe

The rate of photoionization is proportional to

17
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density of both atoms and photons:

(&)
p— ,Una
at photoion

where the number of photons is included in the

coefficient, 1. In the thermodynamic equilibrium
the number of photons radiated in plasma is a

function of temperature.

Similarly, the rate of photorecombination is:

P )/n/l: n

A complete equation for electron density including

the collision terms can written as:

dne
( CZ ) = NeNg(TiVe) — 6ngni + [UNg — YNeN;

In the local thermodynamic equilibrium
(LTE) the collisional and radiative processes are

balanced separately:
TNeNg, <O-i/Ue> — 6”6”@'

UNg = YNeT;
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However, in laboratory plasma, photoionization is
not significant because photons escape, and if the
plasma density is not very high then
photorecombination is more significant then the
collisional triple recombination. Then, we have a
balance between the electron-impact ionization and
photoionization:

NeNg(TiVe) = VNN

In this case, the ionization degree depends only on

plasma temperature:

This is a replacement for Saha equation in
low-density plasmas. This is called coronal
equilibrium because this is valid for the solar

corona.

Numerical formula for the photorecombination

coefficient:
4 1013

v =
\/TeV

cm® /s



